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BECKER’S CONJECTURE ON MAHLER FUNCTIONS

JASON P. BELL, FREDERIC CHYZAK, MICHAEL COONS, AND PHILIPPE DUMAS

ABSTRACT. In 1994, Becker conjectured that if F'(z) is a k-regular power se-
ries, then there exists a k-regular rational function R(z) such that F'(z)/R(z)
satisfies a Mahler-type functional equation with polynomial coefficients where
the initial coefficient satisfies ag(z) = 1. In this paper, we prove Becker’s con-
jecture in the best-possible form; we show that the rational function R(z) can
be taken to be a polynomial z7Q(z) for some explicit nonnegative integer -y
and such that 1/Q(z) is k-regular.

1. INTRODUCTION

Let k > 2 be an integer. A Laurent power series F(z) € C((2)) is called k-Mahler
provided there exist a positive integer d and polynomials ag(z), ..., aq(z) € Clz],
with ag(z)aq(z) # 0, such that F(z) satisfies the Mahler-type functional equation

(1) ap(2)F(2) + al(z)F(zk) + -+ ad(z)F(zkd) =0.

The minimal d for which such an equation exists is called the degree of F(z).

There has been a flurry of recent activity involving the study of the Mahler
series—see, e.g., [2L/6HI,13L[19-H21]—in large part due to the fact that one can often
deduce transcendence of special values of the Mahler series by knowing transcen-
dence of the series itself, and also due to the guiding principle that much of the
theory of the Mahler series should mirror the much better developed theory of
solutions to homogeneous differential equations.

A special subclass of Mahler functions is the ring of k-regular power series. These
functions are defined from their coefficient sequences. More specifically, a power
series F'(2) = ), 5 f(n)z" is k-regular provided that there is a positive integer D,
CP*1 and matrices Ag,...,Ap_1 € CP*P such that, for all n > 0,

fn)=£"A; - Ay,

vectors £, ¢ €

where (n), = is---ip is the base-k expansion of n. Allouche and Shallit [4]
introduced k-regular sequences in the early 1990s as a generalisation of k-automatic
sequences—that is, sequences obtained from a deterministic finite-state automaton
which takes as input the base-k expansion of n and outputs the nth term of the
sequence. By refining the proof of the known result that k-automatic power series
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are k-Mahler, Allouche [3, Theorem 1] implicitly showed] that a k-regular power
series is k-Mahler. Since all k-automatic sequences are k-regular sequences, there
is a natural hierarchy:

{k-automatic functions} C {k-regular functions} C {k-Mahler functions}.

Additionally, both inclusions are proper. For example, consider the three paradig-
matic examples for k = 2 of degree 1,

T(z) =[Ja-2*). s =[[a+2+27),

720 720

T(z)7' =J[a-2*)"
Jj=0
The function T'(z) is the generating power series of the Thue-Morse sequence t(n)
over the alphabet {—1, 1}, which is 2-automatic. The function S(z) is the generating
power series of the Stern sequence s(n + 1) that counts the number of hyperbinary
representations of the number n 4 1, which is 2-regular but not 2-automatic. And
finally, the function T'(z)~! is 2-Mahler but not 2-regular; the coefficients p(n) of
the power series expansion of T'(z)~! count the number of ways of writing the
number n as sums of powers of 2.

Since a k-regular power series is k-Mahler, an immediate question arises: can
one determine if a solution to (I)) is k-regular, or not, based solely on properties of
the functional equation? Towards answering this question, Becker [5, Theorem 2]
showed that if ag(z) = 1, then F(z) is k-regular. He conjectured [B, p. 279] that
a sort of converse to this result also holds. Specifically, Becker conjectured that
if F(z) is a k-regular power series, then there exists a nonzero k-regular rational
function R(z) such that F(z)/R(z) satisfies a Mahler-type functional equation ()
with ag(z) = 1. In view of this conjecture, a power series F'(z) is called k-Becker
provided that it satisfies a functional equation () with ag(z) = 1.

The historical significance of the k-Becker property lies in the fact that zeros
of ap(z) in the minimal Mahler equation () for F(z) are values o at which the
theorems proving transcendence of F(«) based upon knowledge of algebraic inde-
pendence of certain related Mahler functions do not apply; this point is highlighted
in the works of Loxton and van der Poorten [I5L[16] and the celebrated result of
Nishioka [I7,I8]. In this paper, we prove (a bit more than) Becker’s conjecture.

and

Theorem 1. If F(z) is a k-regular power series, there exist a nonzero polynomial
Q(z) with Q(0) =1 such that 1/Q(z) is k-regular and a nonnegative integer v such
that F(2)/27Q(z) satisfies a Mahler-type functional equation ([Il) with ag(z) = 1.
Moreover, if the Mahler-type functional equation of minimal degree for F(z) is
known, then the polynomial Q(z) in Theorem [ can be easily written down. Specif-
ically, if () is the minimal functional equation for F'(z) and we write A for the set
of roots of unity ¢ such that CkM # ¢ for all M > 1 and ao(¢) = 0, then there is an
N depending on ag(z) such that

N—-1 N
Q) =[] TI (1 - =T yretactn,

CEA j=0

1The proof of the latter implication is indeed buried in his proof of the former, as a substep
that does not rely on the finiteness of the base field [B, pp. 253 and 254].
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where, for a given Laurent power series g(z), v¢(g(z)) is the order of the zero of
g(z) at z = (. For more details, see the proof of Lemma [[1l Noting that all of
the zeros of the polynomial Q(z) are roots of unity of order not coprime to k, we
may combine this with a result of Dumas [I2] Théoréme 30] to give the following
proposition.

Proposition 2. Let F(z) € C[[z]]. Then F(z) is k-regular if and only if F(z)
satisfies some functional equation ([l) such that all of the zeros of ag(z) are either
zero or roots of unity of order not coprime to k.

Note that the functional equation alluded to in the above proposition need not be
minimal.

To prove Theorem [I we will show that if F(z) is k-regular satisfying (), then,
essentially, one can “remove” all of the zeros of ag(z) that are roots of unity. We
then show that, after dividing by an appropriate power of z, the resulting function
satisfies another Mahler-type functional equation with ag(z) = 1, but it is not
necessarily k-Becker since it may not be a power series.

This line of reasoning is inspired by a recent paper of Kisielewski [14], who consid-
ered Becker’s conjecture for a subclass of regular functions. Indeed, Kisielewski [14]
Proposition 2] showed that Becker’s conjecture holds for every k-regular function
F(z) satisfying a functional equation (I]) of minimal degree d such that ag(z) has
no zeros that are roots of unity; specifically, for a function F'(z) in this class, he
showed that there exists a k-regular rational function R(z) such that F(z)/R(z) is
k-Becker. His result is purely existential concerning the rational function R(z). In
comparison, Theorem [Il has the following corollary in this context.

Corollary 3. Suppose that F(z) is a k-regular function satisfying a functional
equation () of minimal degree d such that ag(0) # 0 and ag(z) has no zeros that
are roots of unity. Then F(z) is k-Becker.

This paper is outlined as follows. Section [2] contains preliminary results that will
be needed in Section [B] which contains the proof of Theorem [Il Section Ml contains
justification that Theorem [ is the best-possible resolution of Becker’s conjecture;
in particular, in that section, we give an example of a k-regular function F'(z) such
that, for any rational function R(z), the function R(z)F(z) cannot simultaneously
be a power series and satisfy the conclusion of Becker’s conjecture. Finally, in
Section [B] we prove Proposition

2. PRELIMINARIES

We require the following definition and lemmas. A general form of Lemma [5}(a)
is given by Dumas [I2, Lemma 4, p. 20|, and Lemma [ was known at least to
Allouche [3, p. 255]. For an English reference, we refer the reader to the work
of Becker [0, Lemma 2]. Lemma [0 is a restatement of Allouche and Shallit [4]
Theorem 2.2], also provided by Becker [5, Lemma 3]. For its part, Lemma[7l is due
to Kisielewski [14], Lemma 8.

Definition 4. Let C(z) = }_, 5, ¢(n)z". Given a positive integer k > 2, for each
i1 €{0,...,k — 1}, we define the Cartier operator A; : C[[z]] — C][z]] by

Ai(C)(2) = c(kn +1i)2".

n=0
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Lemma 5 (Dumas [12], Allouche [3]). Let F(z),G(z) € C|[[z]]. Fori=0,...,k—1,
we have

(@) A(F(H)G(2) = F(:)A(G(2)), and
(b) F(z) = Xrd 2 (F) ().

In LemmalBl A;(F)(z*) is understood as A;(F(z)) evaluated at 2, so if we write
F(z)= Zn>0 f(n)z", then A;(F)(2%) = Zn>0 f(kn +14)zkn.

Lemma 6 (Allouche and Shallit [4]). The function F(z) € Cl[z]] is k-regular if
and only if the C-vector space

Vi={A, - Ay (F)(2):0<r; <k, neN}).
is finite dimensional.

If one lets W denote the finitely generated C[z]-submodule of the field of Laurent
power series C((z)) spanned by the finite-dimensional C-vector space V, then W
has the property that

WS > Clah(z").
h(z)ewW
To see this, we let {F(z) = hi(2),...,h(2)} be a basis for V. Then notice that,
fori=0,...,k— 1, we have

Ai(hj)(2) =D cijuhe(2)
/=1

for some constants ¢; j» € C. An application of Lemma [Bl(b) then gives

T k—1
(2) hi(z) =Y (Z Ci,j,ezl> he(2),
=1 \i=0
which gives the desired claim.
In fact, in the case in which the dimension of the vector space V is r < oo, we
find that F(z) is a k-Mahler function of degree at most r. To see this, we observe
that (2)) can be written as

h(z) = A(2)h(z"),
where h(2) := [F(2) = h1(2), ha(2),. .., h-(2)]T and A(z) € C[z]"*". Now we let
AD(2) = A(2)A(zF)---A(z*""), where we use the convention that A(©)(z) is
the identity. So for i € {0,1,...,r}, we have h(zF') = A(T*i)(zki)h(zkr). Left
multiplying by the vector ef and using the fact that hi(2) = F(z), we obtain
equations

3) F(M) = wi(2)h(=F)
for some u;(z) € C[2]'*". Since we have r + 1 vectors ug(z), ..., u,(z), we have a
nontrivial linear dependence; that is, there are polynomials py(z),. .., p,(z), not all

zero, such that
po(2)ug(z) + -+ -+ pr(2)u-(2) = 0.
Combining this with ([B]) shows that F(z) satisfies the functional equation

pi(2)F(Z*) 4+ pisa (2)F(F ) 4+ -+ po(2)F(z) =0,
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where ¢ is the smallest index such that p;(z) # 0. But this implies that F(z) is a
k-Mahler function of degree at most r—i < r; see, e.g., Becker’s argument [5], p. 273]
for taking successive sections to reduce the smallest index.

Lemma 7 (Kisielewski [14]). Let ¢(z) € C(z), let o € C\ {0}, and let v, (c(z)) be
the order of the zero of ¢(z) at z = . There is an r € {0,...,k — 1} such that
va (A (0)(2%)) < va (c(2)) -

We will use the functional equation () in a slightly different form. For a Mahler
function satisfying () of degree d, setting

F(z) = [F(2), F(z5),... F(" )T

and
_a(x) _ae(® _a4(2)
A(Z) = ao(2) ao(2) ao(z)
La—1)x (-1 O(i—1)x1
we have
(4) F(z) = A(2)F(z").
We will be specifically interested in the matrices
(5) B, (2) == A(z)A(zF) - A(F"T).

Note that F(z) = B,,(2)F(z*") for every n > 1. In what follows, for i = 1,...,d,
we write
ei == [01x(i—1) 1 le(dfi)]T
Kisielewski’s lemma above states that a Cartier operator can be used to (possi-
bly) reduce the order of a zero. We use this result in the following lemma to find

an upper bound on the order of certain poles of the matrices B,,(2).

Lemma 8. Suppose that F(z) is k-regular, that B,,(z) is as defined in {), and that
€ is a root of unity such that € = €. Then the poles at z = & of the entries of the
matrices {B,(z) : n = 1} have uniformly bounded order. In particular, there is a
polynomial h(z) € C[z] such that, for each n, the matriz h(z)-B,(z) has polynomial
entries.

Proof. For each i € {1,...,d} and each n € N, set
Cin(z) = e{Bn(z)ei.

Then, for each n, we have

d -
(6) F(z) = Z cin(2)F(ZF"0).

If we apply n Cartier operators to (@), we have

d
(7) Ap, Ay (F)(2) = S0 A Ay (i) (2) - F(F ).
i=1
Since d here is minimal, the functions F'(z),..., F(zkd*l) are linearly independent

over C(z).

Now suppose that F(z) is k-regular. Since the C-vector space V defined in
Lemma [0] is finite dimensional, its finite number of generators are of the form
Z?Zl hi(z)F(z* ") for some rational functions h;(z). Since, as we run over a finite
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generating set, the h;(z) that occur are a finite number of rational functions and the
functions F(z),... 7F(zkdil) are linearly independent over C(z), there is a nonzero
polynomial h(z) such that
d .
V Ch(z) LY CLIF(T).
i=1

This requires, for every i € {1,...,d}, n € N, and choice of Cartier operators, that
the inequality

(8) ve (h(2)71) < ve (Ar, - Ay (cin)(2))

holds between orders of the zeros at z = (. Since ¢* = &, for each rational function
c(2), we have ve (c(2)) = v (¢(z¥)). By Lemma [l and (), for each n € N, there is
a choice of Cartier operators A, ,..., A, such that, for zero orders,

ve (h(2)) < ve (Ar, -+ Ay (i) (2)) = e (Ar, - Ay (i) (7)) < (cin(2)).

Thus the poles of the entries ¢; ,,(2) of the first row of the matrices B,,(z) at z = ¢
have uniformly bounded order; specifically, they are bounded above by v¢(h(z)).

It remains now to show this for the rest of the rows, but this follows due to the
structure of the matrix A(z). In fact, consider the (7, 5) entry of the matrix B, (z)
for some ¢ € {2,...,d}. Using the definition of B, (%), we have

el B, (2)e; = el A(2)B,_1(25)e;.
Now el A(z) = el ;. So
(9) ve(ei Bu(2)ej) = ve(el1Bn-1(z")e;) = ve(e]_1Ba-1(2)e;),

where the last equality uses, again, the facts that ¥ = ¢ and, for every rational
function, that ve (c(2)) = ve (c(2*)). Applying @) i — 1 times, we have

(10) ve(ei Bu(2)ej) = ve(ei Bu—ir1(2)e),

which immediately implies the desired result. O
Proposition 9. If F(z) is k-Mahler satisfying @) of degree d, ag(§) =0 for some
root of unity & with £* = ¢, and ged(ag(2),a1(2),...,aq4(2)) = 1, then F(z) is not
k-regular.

Proof. Towards a contradiction, assume that F'(z) is k-regular and suppose that £
is a root of unity with ¢* = ¢ such that ag(¢) = 0. Using Lemma & let Y denote
the minimal uniform bound of the order of the poles at z = £ of {B,(z) : n > 1},

and note that Y > 0 since ged(ag(2), a1(2),...,aq(2)) = 1.
We examine the first row of B;(z) = A(z). In particular, set

N = min{ie{l,...,d}:V§ (ai(z)> < ve (aj(z)>for auje{L...,d}},

ao(2) ao(2)
and note, again using ged(ap(z),a1(2),...,aq(z)) =1, that
GN(Z))
11 Xi=—ve| ——= ) >0
( ) 3 <a0(z)

By the minimality of N, we have both
ve(ai(z)/ao(z)) > —X fori < N,
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PROOF OF BECKER’S CONJECTURE 3411

and
ve(a;(z)/ao(2)) =2 —X for i > N.

Since B1(z) = A(z) has only constant entries outside of its first row, (@) and
([I0) imply that there is some minimal n, say, m, for which the maximal order of
the pole at z = & of the entries of B,,,(2) is Y, occurs in the first row of B,,(z),
say, in the (1, .J) entry, and all of the other rows have entries with poles at z = £ of
order strictly less than Y. That is, specifically, within the Jth column of B,,(z),
we have

(12) ve (e] Bin(2)ey) = =Y <0 and v¢ (ef Bi(2)es) > —Y
for each 7 € {2,...,d}.
Now define the rational functions by (z), ..., ba(z) by

Byino1(F)es = [ba(2) - ba(2)]",

and note that by (I0) we have, since &¥ = ¢ and for every rational function
ve (c(2)) = ve (c(2%)),
(13) ~Y = vg(ef Bu(2)es) = ve(eyBmin-1(2)es) = ve(bn(2)).

By the minimality of m, we have

ve(bi(2)) > =Y fori > N,
and trivially

ve(bi(2)) =2 =Y and ¢ < N.

Let us now see how we can put together the results of the previous paragraphs
in order to obtain the desired result. Consider the first entry of the Jth column of
B+~ (2). We have

eIB,, n(2)e; = eTA(2)Bran_1(2")eys

(14) - [_ 2322 B Zig; —ZZEEH B n-1(zF)es
N-—1 d
e a(@)bi(2)  an(z)ba(z) ai(2)bi(2)
— ; ao(2) ao(2) i:;d w0

For i # N, using the comments immediately below equations (I3]) and ({I]), respec-
tively, we have

(15) Ve (%) =ve (Z;g) +vg (bi(z)) > —X =Y,

since both vg (a;(2)/ao(2)) > —X for i € {1,..., N — 1} and v¢ (bi(2)) > =Y for
i€ {N+1,...,d}. Also, by (I3)) and (II]), we have

aN(z)bN(z)> (aN(z)>
16 ve | —————= | =v +ve (by(z)) = —-X - Y.
a6) e () o (2] v o)
Hence, using ([I3]) and (I6), equation (I4]) gives the inequality

ve (e] Biin(2)es) = =X =Y < =Y,

contradicting the assumption that Y is a uniform bound on the pole order at z = £
over all el B,,(z)e;. Thus F(z) is not k-regular. O
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Corollary 10. Suppose that F(z) is k-reqular, satisfying ([dl) of degree d. Let J be
the ideal of polynomials p(z) such that

p(2)F(z) € Y ClF(:),

Jj=z1

and let q(z) be a generator for 3. If € is a zero of q(z) such that ko = £ for some
M > 1, then £ =0.

Proof. Suppose that there exist M > 1 and & such that ¢(§) = 0 with ko = ¢ and
£#0. Let
kM kMD
@) F()+qa()FEY )+ +aqp(z)F(z" )=0

be a relation with go(z) # 0, ged(qo(2),¢1(2),-..,q9p(2)) = 1, and D minimal.
Then ¢(z) divides ¢qo(z), so qo(§) = 0. But ko = &, and by Proposition [ this
contradicts the fact that F(z) is k™ -regular. Since F(z) is k™ -regular if and only
if it is k-regular [4l Theorem 2.9], this proves the corollary. O

Lemma 11. Let F(z) be a k-regular power series satisfying () of degree d. Then
there exist a polynomial Q(z) with Q(0) # 0 such that 1/Q(z) is k-regular and
a nonnegative integer v such that G(z) := F(z)/27Q(%) satisfies a Mahler-type
functional equation

0(2)G (=) + a()CE) + -+ qu(2)G() = 0
of degree d, q;(z) € Clz] with qo(0) # 0, and if ¢ is a zero of qo(2) that is a root of
unity, then there is some M > 1 such that CkM =(.

The proof of Lemma [I1] requires the following characterisation of Mahler func-
tions due to Dumas [I2, Theorem 31, p. 153]; see also Coons and Spiegelhofer [10]
for a proof of Dumas’s result in English.

Theorem 12 (Structure theorem of Dumas). A k-Mahler function is the quotient
of a series and an infinite product which are k-regular. That is, if F(z) is the
solution of the Mahler functional equation

ag(2)F(2) + a1 (2) F(2*) + -+ + aa(2) F(=*") = 0,

where ag(z)aq(z) # 0 and the a;(z) are polynomials, then there exists a k-regular
series J(z) such that

J(2)
Hj;()r(zk]),
where ag(z) = pz°T(z2), with p # 0 and T'(0) = 1.

F(z) =

Proof of Lemma [[Il. Suppose that F(z) is a k-Mahler power series of degree d sat-
isfying (). Let A be the set of roots of unity ¢ such that ag(¢) = 0 and there

does not exist an M > 1 such that ¢F" = ¢, and set ve(ao) := v¢(ap(z)). For each
¢ € A, the sequence {¢*'};>¢ is eventually periodic, so there is an M such that
¢F*Me = ¢#™¢ Note that this then implies that ¢*"" ¢ = ¢*"' for all p > 1. Now set

N =[] M
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so that (¥ = ¢*" for all ¢ € A. Define the polynomial Q(z) by

N—-1 . N
Q)= [T [T —-24¢" yetew.

CEA j=0

Then
Q%) _ H 1— ZkN—kN v¢(ao) ol
Qz) cea \ 1- ZZkN

since, for each ¢ € A,

—EN

1= 1 (O = (1= )+ () (Y,

But also, for each £ € A,

Q(Zk) _Z_kN ve(ao)
00 (1—28 )

N kY v¢(ao)
P —

ceavfer \ 1—2C

BN ve(ao) NN\ Velao)
- — s 1— 2k ¢
SRR ] DS B | e
j=0 ceavfey \ 1—2C

_ N _
is a polynomial. Since £ # fk , we have the condition that (1 — z£)*¢(%0) divides
the polynomial Q(z*)/Q(z). As this is true for all £ € A, there is a polynomial
h(z) such that

QY _ _Fyteo) |
(7) cel VICRECRR RICH
Set P(2) :=[[cea(l— 2{)v<(@0), Then (IT) shows that the polynomial Q(z) satisfies
-1 -1
(18) Q=) = | [] PC*") 1"
J=0 320

We factor ag(z) = ¢2'T'(2) = cz%a(z)P(z), where a(¢) # 0 for every ¢ € A and
a(0) = 1. By Proposition [0 since F(z) is k-regular, ap(l) # 0. Then using
Theorem [I2 and ([I8)), there is a k-regular function J(z) such that

F(z) = J(2) _ J(2) - Q(2) - Il h(zF") .

Hj>o I(2+) Hj>o a(2*)
Setting H(z) := J(2) [[;50 h(zkj), we have
(

L Fe HE)
G2) 27Q(2) Z’YHj>0a(zkj)’
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where 1/Q(z) is k-regular by an above-mentioned result of Becker [5, Theorem 2]
and ([I8). To build the functional equation for G(z), we start with the functional
equation () for F(2) of degree d, and we divide by 227Q(2)P(z) to get

F(z) | N~ ai(FGE)
(19) )00 2 FamPE
These coefficients, for ¢ = 1,...,d, satisfy

a;(2) A 0;(2)Q(F) K Dgy(2 k

_E Ta _ 2" Vai(z)  Qh) ﬁQ(’fJ)
DQEP(E) - FQETQEPRE)  FNQ(EF) QEIPR) 1 QP

where, as usual, the empty product is taken to be equal to 1. By ([I@), we have
Q(Z*)/Q(zF ") = P(zF )h(z¥ "), so continuing the above equality gives

a;(z2) _ P E =2 g, (2) h(s : T kY qi(2)

where ¢;(z) is the polynomial

Jj=2

0(2) = = Das(h(o) TT (PG T).

Jj=2

Finally, defining go(z) := ¢-a(z), substituting the result of ([20) into (I9)) and using
the definition of G(z), we have G(z) satisfying the functional equation

0(2)C() + @ ()GE) + -+ () GE) =0,
Here G(z) inherits the degree d from F'(z), ¢o(0)c-a(0) = ¢ # 0, and go(z) inherits
the desired root properties from a(z). This finishes the proof of the lemma. O

Our method of proof of Lemma [[1] is inspired by remarks of Becker [5l, p. 279]
as well as an argument of Adamczewski and Bell [I, Proposition 7.2].

3. PROOF OF THE MAIN RESULT

Proof of Theorem [l Suppose that F(z) is a k-regular function satisfying () of
degree d. By Lemma [TI] there exist a polynomial Q(z) with Q(0) = 1 such that
1/Q(z) is k-regular and a nonnegative integer v such that the k-Mahler function
G(z) := z77F(2)/Q(z) satisfies a Mahler functional equation

(21) 20(2)G(2) + @1 ()G + -+ + ()G (") = 0
of minimal degree d, ¢;(z) € C[z], and ¢o(#) has the property that ¢o(0) # 0 and if

qo(¢) = 0 with ¢ being a root of unity, then there is some M > 1 such that CkM =(.
We let J be the ideal of polynomials p(z) such that

p(2)G(2) € Y C[EG(Y).
j>1
Since G is k-Mahler, J is nonzero, and we let ¢(z) be a generator for J whose leading
coefficient is 1. Since go(z) € J, we have ¢(z) divides go(z), so we have ¢(0) # 0.
By Corollary [Tl if ¢ is a zero of ¢(z), then there does not exist an M > 1 such
that CkM = (. Thus if ¢ is a root of ¢(z), then ¢ cannot be a root of unity, since
we have shown that any zero of go(z) that is a root of unity must satisfy (kM =(
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for some M > 1, and we have also shown that each zero ¢ of ¢o(2) that is a root of

unity has the property that there is no M > 1 such that CkM = (. Hence, ¢(2) has
no zeros that are either zero or a root of unity. Thus G(z) has the property that

there is a relation
€ ClJG(="
j=1
with ¢(z) having no zeros that are roots of unity and with ¢(0) # 0.

We now claim that ¢(z) = 1. To see this, suppose that ¢(z) is nonconstant.
Then there is a nonzero complex number A that is not a root of unity such that
q(A) = 0. Since G(z) is k-regular, the C-vector space spanned by all elements of
the form A, --- A, (G)(z) (including also G(z)) is finite dimensional. Moreover,
its basis elements are of the form Zle hi(2)G(z* "), for some rational functions
hi(z), where d is the degree of the Mahler function G. Since, as we run over a
basis, only finitely many rational functions h;(z) occur and since the functions

F(z),... ,F(zkd_l) are linearly independent over C(z), there is a nonzero polyno-
mial h(z) such that

V C h(z Z(C G(F ),

where V' is the C-vector space deﬁned in Lemma [6l Now since X is nonzero and
is not a root of unity, there exists some positive integer N such that MY s not a
zero of h(z). Repeatedly using the Mahler equation (2II), we obtain a relation of

the form
d j—1
) =D QG
j=1

with Q(z),Q1(2),...,Q4(z) polynomials and Q(z) # 0 and ged(Q(2), Q1(2), .. .,
Qa(z)) = 1. Since Q(z) € T, we see that ¢(z) divides Q(z), so A is a root of Q(z).
Now we write

EN+i—1

)
with

Rj(2) = Q;(2)/Q(2).

Moreover, since ged(Q(z), @1(2), ..., Qa(2z)) = 1, we have vy (R(z)) < 0 for some
e {1,...,d}. By Lemmal[dl there exist (r1,...,7n5) € {0,1,...,k— 1} such that

Ay - Ay (R (7)) < va(Ra(2)) < 0.
Thus

Now set
v A (R5)(2) forj=1,...,d
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Since G(z),..., G(zkdil) are linearly independent over C(z), we must have
h(2)Tj(z) € C[z] for j = 1,...,d. But v,,~(h(z)) = 0, so v~ (h(2)Te(2)) < 0,
which contradicts the fact that h(2)T}(z) must be a polynomial, giving the claim.
It follows that ¢(z) = 1.

Specifically, 1 € 7, so

G(z) € Y _CEIG(="),
Jj=1

which says that G(z) satisfies a Mahler functional equation of the form () with
ag(z) = 1. This finishes the proof of Theorem [ O

4. OPTIMALITY OF THEOREM [I]

The careful reader will notice that, while we prove Becker’s conjecture com-
pletely, the resulting function F'(z)/z7Q(z) that satisfies a Mahler-type functional
equation ([II) with ag(z) = 1 is not necessarily a power series, so (strictly speak-
ing) it is neither k-regular nor k-Becker. One may argue that the field of Laurent
series is probably a preferable setting for solutions to (), and indeed a result of
Dumas’s [I2, Théoreme 7] gives reasonable bounds on the valuation at z = 0 of the
solutions.

Theorem 13 (Dumas). Let F'(z) be a Laurent power series solution to a Mahler-
type functional equation [) of degree d. Then F(z) € 2~¥C[[#]], where

L [max{”()(‘;;l(z)), Vo(a&(;)_/cio)(z» H .

In this section, we show, by giving an example, that a stronger variant of Becker’s
conjecture, with the added conclusion that the resulting function F(z)/R(z) is a
power series, cannot hold; that is, with the currently in-use definitions, such a
function is not necessarily k-Becker. We now state this result.

Theorem 14. Let k > 2 be a natural number. Then there exists a k-regular power
series F'(z) such that there is no nonzero rational function R(z) with the property
that F(z)R(2) is a k-Becker power series.

We note that this does not contradict the conclusion of Theorem [ but merely
shows that one must necessarily work in the ring of Laurent power series in order
to obtain the conclusion. More precisely, the examples we give in establishing
Theorem [[4] have the property that F'(z)/z is k-Becker with a pole at z = 0, so it
has a Laurent power series expansion, but not an expansion in the ring of formal
power series around z = 0; moreover, one must introduce a pole at z = 0 in order
to obtain a k-Becker function.

Towards the goal of producing these examples, let k£ be a natural number that
is greater than or equal to 2, and consider the functional equation

(22) A(z) = (1 — 2+ 2D A(F) — 2K 7F (1 - 2)A().
Then writing

1—z+4 2+t —sz’k(l —2)

M(z) := ] 0

and A(z) = [A(2), A(z%)]T, we have
A(z) = M(2)A(ZY).
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Let H(z) be the power series solution of the functional equation ([22)) corresponding
to the iteration of the matrix M(z); that is, set

H(z):= lim [1, O)M(2)M(z*)---M(z*" )1, 0]7.

n—oo

To see that this limit exists, it is enough to notice that k> — k > 1, so

M(z) = [1 + 1O(Z) O(()z)} |

and then, for any n > 1,

mﬂ&"W(M@W>_B ﬂ):{0g><Xi"U}rXfU ogfq

_ o) o
o) o) |
It then follows that, for any n > 2, the difference for consecutive terms within the
limit is
(1, OIM(z)M(4) - MF ML, o]
— [1, OM(z)M(F) - M), 0]

= [ OMEME) - MG (75807 "0
=0("".

Here we note that H(0) = 1. We also note that the function Hy(z) := 1/z is a
solution to the functional equation (22]).
We continue by setting

(23) Fo(s) i= H(z) + 1,

which again satisfies

(24) Fo(2) = (1 — 2+ 2" ) Fo(2F) — X 7R (1 — 2) Fy (%),
As H(z) is a k-Becker power series, it is k-regular; thus

(25) F(z):=zFy(z) =1+ zH(z)

is k-regular, as the k-regular power series form a ring. We note that Fy(z) = F(z)/z
is k-Becker and is a Laurent power series. We show, however, that there does not
exist a nonzero rational function R(z) such that F(z)R(z) is a k-Becker power
series; that is, in order to obtain a k-Becker function that is a nonzero rational
function multiple of F(z), one must work in the ring of Laurent power series and
cannot restrict one’s focus to the ring of formal power series. In order to show the
desired result, we first establish two key lemmas. We note that the following lemma
can also be proved using the method of Roques [21].

Lemma 15. Let k > 2, and let Fy(z) be as in equation [23). Then the Laurent
power series Fo(z) and Fo(z¥) are linearly independent over C(z).
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Proof. Suppose not. Then since Fy(z) is nonzero, there is a rational function a(z)
such that Fy(z%)/Fy(2) = a(z). We note that

1
Fy(z) = Z +1+4+0(2),
s0
Fo(2*)
Fy(2)
It follows that there are relatively prime polynomials P(z) and Q(z) with P(0) =
Q(0) = 1 such that a(z) = 2! 7*P(2)/Q(2). Then since

=217F1 - 2+ 0(2%)).

Fo(2) = a(z)a(") Fo(2),
equation (24)) gives
1-k P(z) _ Kk
Q(2)
Clearing denominators, we see that
(26)  ZTR(A)Q(EN) = (1 -2+ HP(2)Q(Y) — (1 2)P(2) P(2").
In particular, Q(z*) divides (1 — 2)P(z)P(z*), and since P(z) and Q(z) are rel-
atively prime, we then have Q(2*) dividing (1 — 2)P(2). Similarly, P(z) divides
2F71Q(2)Q(z%), and since P(0) = 1 and P(z) and Q(z) are relatively prime, we
see that P(z) divides Q(2*). So we may write Q(2*) = P(2)b(z) with b(z) dividing
(1 —%). Since Q(0) = P(0) = 1, we see that b(z) =1 or b(z) = (1 — 2).
Then substituting P(z) = Q(z*)/b(z) into equation (26), we find that
HFQ()b(2)b(F) = (1= 2+ 2 HQEFb(F) = (1= 2)Q(H).
Now let D denote the degree of Q(z). Then since
(27) (1—2)Q(z") = —2FTrQ(2)b(2)b(27) + (1 — 2 + 21 Q(27)b(2Y),
and since b(z) has degree at most 1, we have

E*D 4+ 1 < max{2k + D,2k — 1 + kD},

1=(01—-z+2"12

(1-2)z

SO
2k—1 2
28 D < —, - <1
(28) max { e k:}
since k > 2. Thus D=0o0r D = 1.
Suppose that D = 0. Then Q(z) is a constant polynomial and the condition that

Q(0) = 1 gives Q(z) = 1. Since P(z) divides Q(z*), we have the result that P(z)
is also 1, and thus a(z) = z'7*. But

Fo(zk)
Fy(2)
so we get a contradiction, and thus D = 1.

So suppose that D = 1. By (28)), it is clear that if ¥ > 3, then D = 0, so we
must have k = 2. If b(z) = 1, then comparing degrees of the sides of the equality
in ([27) gives k? + 1 = 2k — 1, which is impossible since k > 2. Thus we must have
b(z) = 1 — 2. In this case, Q(z) has degree 1 and we have Q(2%) = P(2)(1 — 2).

= A1z 4 0(2) # 2K = a(2),
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Plugging in z = 1 gives Q(1) = 0, and since Q(z) has degree 1, we have Q(z) = 1—2z.
Then Q(2?) = P(2)(1 — 2) gives P(z) = 1+ z, so

1 142 1
=-+24+0(2).
o(2) = z 1—2 =z +2+0()
But (22)
F(z 1
=-—-140
so we obtain a contradiction. Thus Fy(z) and Fy(z*) are linearly independent
over C(z). O

Lemma 16. Let Fy(z) be as defined above, let r € N, and let ho(z),...,h.(2) be
rational functions such that hi(z)/z* =' does not have a pole at z = 0 for i =

0,...,7. Then if
S hi(2)Fo(2F) =0,
i=0

then ho(0) = 0.

Proof. We prove this by induction on r. For r = 0 and r = 1, the result follows by

Lemma [[5] since Fy(z) and Fp(z*) are linearly independent over C(z). So suppose

that the result holds for r < m with m > 2, and consider the case in which r = m.
Towards a contradiction, suppose that

S hi(z)Fo(z") =0
=0

with ho(0) nonzero and zF'~! dividing h;(z) in the local ring C|z J(z) (recall that
Cl#](z) is the ring of all rational functions whose denominator, when written in
reduced form, is nonzero at z =0). For i =1,...,m, set

Ry (O]
9i(2) = : ho(z)

Then since ho(0) is nonzero, each g;(z) is regular at z = 0 and

—I—Zgz kilFQ )—O

Applying the Cartier operator AO gives
—l—ZAogl FTIR M) = 0.

But using (24) and applying Lemma(a), we have Ag(Fp)(z) = Fo(z) — 21 Fy(2F),
so we have

0= (1+Ao(gr(2)2"1) Fo(2)

(20) + (=14 Ag(g2(2)2" 1)) 2" Fy(2")

+ Z Ao(giﬂ(z)zk_l)zki_lFo(zki).

Since g;(z) is regular at z = 0, we have the result that g;(z)2*~! has a power series
expansion with zero constant term, and hence Ag(g;(z)2z*~1) vanishes at z = 0, so
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1+ Ao(g1(2)zF71) is a rational function which is nonzero at z = 0. Since each of

the higher-index coefficients in (29) are of the form 2¥'~1 times a rational function
regular at z = 0, the induction hypothesis applies and we get a contradiction. This
contradiction proves the lemma. ([l

Proof of Theorem [[4l Let F(z) be the k-regular power series defined in (25). We
claim that there is no nonzero rational function R(z) such that function R(z)F(z) is
a k-Becker power series. Since F(0) = 1, if R(z)F(z) has a power series expansion
at z = 0, R(z) must be regular at z = 0. Suppose towards a contradiction that
there is a rational function R(z) such that R(z) is regular at z = 0, and such that
F(2)R(z) is k-Becker. Then we write R(z) = 2°Ry(z) with a > 0 and with Ry(0)
nonzero. Then there exist a natural number d and polynomials by (z), ..., bs(z) such
that

Ro(2)F(2) = by (2)2"* "Ry (z)F(2%) + - - - + ba(2) 2" 9 * Ry (2*
As defined above, F(z) = zFy(z), so we have
Ro(2)Fo(2) = by (2) 2" " TF 1Ry (2%) Fy (2%)

o ba(2) 2 T R LR () By (M),
But this contradicts Lemma[I6 The result follows. g

d d

VF ().

(30)

5. A STRUCTURE OF MAHLER FUNCTIONAL EQUATIONS FOR REGULAR
FUNCTIONS

In this section, we prove Proposition [} that is, we show, for F(z) € C[[z]],
that the series F(z) is k-regular if and only if F'(z) satisfies some functional equa-
tion () such that all of the zeros of ag(z) are either zero or roots of unity of
order not coprime to k. As stated in the Introduction, Proposition [ is obtained
by combining Theorem [] with a result of Dumas [I2] Théoréme 30]. Dumas’s
result [12, Théoréme 30] is proved by appealing to results for degree-1 Mahler func-
tions via his structure theorem, recorded above as Theorem By appealing to
Theorem and the ring structure of the set of k-regular power series, one can
show that a series F(2) is k-regular if one can show that the infinite product

1
I1 §=0 INCLS
is k-regular. This is exactly what Dumas did via the following lemma; see [12|
Lemme 8].

H(z) :=

Lemma 17 (Dumas). The infinite product H(z) = Hjéof(zkj)*l is k-regular if
and only if the C-vector space

1
<{AT”---AT1 (ﬁ) :0<7"i<k, nEN}>
Hj:O F(Z ) C

is finite dimensional.

Lemma [I7] follows from Lemma [6] combined with the equality

1
AT‘n"'AT‘lHZ = AT‘n"'AT‘l Tl s HZ7
0= (v i) o
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which itself follows from the fact that H(z) is a degree-1 Mahler function satisfying
the functional equation

['(2)H(z) — H(z") = 0.

We require the following proposition for the necessary direction of Proposition
As stated previously, the argument is due to Dumas [12] Théoreme 30]. We state
the result here in a slightly different form.

Proposition 18 (Dumas). Let I'(z) be a polynomial with I'(0) = 1. If all of the ze-
ros of I'(z) are roots of unity of order not coprime to k, then H(z) = [[,5, I(z¥)-1

is k-regular.

To prove Proposition [[8] Dumas proved that the functions
n—1 )
Ay oAy, H riz*)=1],
§=0

for n > 1, have only finitely many poles with bounded multiplicities and then
applied Lemma [T’} see also [I1, Theorem 10]. Compare with Lemma [8] where we
show a similar result for the set of matrices {B,,(z) : n > 1}.

For the sufficient direction of Proposition [2 we will use the following result.

Lemma 19. Let k > 2 be an integer, let Q(z) be a polynomial, and suppose that
all of the zeros of Q(z) are either zero or roots of unity of order not coprime to k.
Then for any integer m > 1, the zeros of Q(2*™) are either zero or roots of unity
of order not coprime to k.

Proof. Since all zeros of Q(z) are either zero or roots of unity, it is clear that all
zeros of Q(zF") are either zero or roots of unity.

Now suppose to the contrary that there is a zero z = ( of Q(zkm) that is a root
of unity of order coprime to k, say, £. Then since ged(k, £) = 1, there is a positive
integer M dividing o(¢) such that k¥ =1 (mod ¢). Thus for this M, we have

(31) ¢ =

Since z = C is a zero of Q(zF"), we have z = £ := ¢*" as a zero of Q(z). But then,
using (31]), we have z = £ as a zero of Q(z) such that

o = () = ()

If we denote by n the order of &, this gives ¥ = 1 (mod n), so we have ged(k,n) =
1, a contradiction, which proves the lemma. O

Proof of Proposition 2. We prove sufficiency first. Towards this, suppose that F(z)
is k-regular and that it satisfies the minimal functional equation ([I). Following the
comments after Theorem [I] we denote by A the set of roots of unity ¢ such that
CkM # ¢ for all M > 1 and a¢(¢) = 0; note that this condition is equivalent to
the condition that the order of ( is not coprime to k. Then there is a nonnegative
integer v and an N depending on ay(z) such that, for

N-1 N
Q@) = [T L a-=+¢" yetew,

¢eA j=0
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the function F(z)/z7Q(z) satisfies a Mahler-type functional equation () with
ap(z) = 1. In particular, we write

F(2)  Nmp . PG
700 +;bz( ) QG =0.

Now multiplying by z"’kDQ(z)Q(zk) e Q(zkd) gives
JETNQE - QEMF()

D ) D kI .
+;bi(z)zv<kﬂ’—w —Hﬂa(’(i(; ) -F(z") =0.

By the definition of Q(z) and Lemma[I9 we have F'(z) satisfying a (new) functional
equation (), specifically, equation ([B2]), such that all of the zeros of

ap(z) = 27F7DQ(R) - QM)

are either zero or roots of unity of order not coprime to k. This proves necessity.

For sufficiency, we use both Theorem [I2]and Proposition[I8 To this end, suppose
that F'(z) satisfies some functional equation () such that all of the zeros of ag(2)
are either zero or roots of unity of order not coprime to k. Now write

ao(z) = p='L(2),

where I'(0) = 1. Thus all of the zeros of I'(z) are roots of unity of order not coprime
to k. Now Theorem [I2] gives the result that there is a k-regular series G(z) such
that

(32)

G(2)
F(e) = )
Hj;O ['(z+7)
Applying Proposition [I8 gives the result that the function
1
H(z) = =————5~
Hj>0 INCLY

is k-regular. Since k-regular series form a ring, we have F(z) = G(z)H(z) being
k-regular. This proves sufficiency and completes the proof of the proposition. [
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