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Aim of the talk

Joint conference DRN + EFI

Reflected Brownian motion
Introduced in the 80ies by
Harrison, Varadhan, Williams

Functional equations
Characterize the distribution,
stationary density, etc.

− γ(x , y)φ(x , y) =
γ1(x , y)φ1(y)+γ2(x , y)φ2(x)

• Complex analysis
(boundary value problem)

• Combinatorial tools
(Tutte’s invariants)

• Galois theory of difference
equations

• and more!
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A quest of simplicity

Joint conference DRN + EFI

Solution
φ(x , y)

4 parameters
D-algebraic

D-finitealgebraic

rational
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Joint conference DRN + EFI 3 / 57



Talk based on joint work with...

Joint conference DRN + EFI

+ other works from Guy Fayolle, Sandro Franceschi, Tomoyuki
Ichiba, Ioannis Karatzas
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40 years of reflected Brownian motion!

Joint conference DRN + EFI

@Mireille: thanks for the inspiring talk!
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Reflected Brownian motion:
key ideas
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Convergence of random walks

Joint conference DRN + EFI

Discrete random walks
S(n) = S(n − 1) + X (n), with S(0) = 0 and X (1), X (2), . . . iid

Central limit thm and Donsker (EX (n) = 0 & EX (n)2 = 1)

S(n)√
n → N (0, 1) Gaussian distribution(S(⌊tn⌋)√

n

)
t⩾0

→ (B(t))t⩾0 Gaussian process
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In dimension 2

Joint conference DRN + EFI

Pair of independent
1d BM

Correlated BM Correlated BM
with drift(

B1(t), B2(t)
)

L
(
B1(t), B2(t)

) (
B1(t), B2(t)

)
+ µt
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Reflected Brownian motion in dim 1

Joint conference DRN + EFI

A basic example
(|B(t)|)t⩾0 is a random process with values on R+

Tanaka formula
|B(t)| = W (t) + L0(t), with

• W (t) a Brownian motion
• L0(t) local time at 0

La(t) = lim
ϵ→0

1
2ϵ

∫ t

0
1{a−ϵ⩽W (s)<a+ϵ}ds

Reflected Brownian motion in dim 1
X (t) = X (0) + √

σB(t) + µt + L0(t), with
• X (0) starting point
• σ variance and µ drift
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A basic example
(|B(t)|)t⩾0 is a random process with values on R+

Tanaka formula
|B(t)| = W (t) + L0(t), with

• W (t) a Brownian motion
• L0(t) local time at

discrete time

0

La(t) = lim
ϵ→0

1
2ϵ

∫ t

0
1{a−ϵ⩽W (s)<a+ϵ}ds
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X (t) = X (0) + √

σB(t) + µt + L0(t), with
• X (0) starting point
• σ variance and µ drift
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Reflected Brownian motion in dim 2

Joint conference DRN + EFI

Reflected Brownian motion in dim 1
X (t) = X (0) + √

σB(t) + µt + L0(t)

Obliquely reflected Brownian motion
in dim 2 [Varadhan Williams ’85]

X (t) =

X (0) + B(t) + µt + (R1|R2)
(

LOx (t)
LOy (t)

)
• X (0) starting point in R2

+
• B(t) =

(
B1(t), B2(t)

)
covariance Σ

• µ drift in R2

• oblique reflections R1 and R2

• LOx (t) local time on the axis Ox

11 / 57



The parameters

Joint conference DRN + EFI

Cone normalized
Covariance arbitrary
9 parameters?

Cone arbitrary
Covariance normalized
4 angles

γ(x , y) = 1
2(x , y)Σ

( x
y
)

+ ⟨µ, (x , y)⟩ quadratic form

γ1(x , y) = ⟨R1, (x , y)⟩ linear forms
γ2(x , y) = ⟨R2, (x , y)⟩
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Invariant distribution

Joint conference DRN + EFI

Invariant distribution = asymptotic proportion of time

π(A) = lim
t→∞

1
t

∫ t

0
1A(X (s))ds

In classical Markov chain theory...
πP = π, with P transition matrix

Analogue in continuous time and space
Transition matrix =⇒ Transition semigroup

Invariance πP = π =⇒ PDE called basic adjoint relationship
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Functional equation

Joint conference DRN + EFI

The bivariate Laplace transform
Density of the stationary distribution π(u, v)

φ(x , y) =
∫∫

R2
+

exu+yv π(u, v)dudv

The functional equation [Dai Miyazawa ’11]

−γ(x , y)φ(x , y) = γ1(x , y)φ1(y) + γ2(x , y)φ2(x)

γ(x , y) = 1
2(x , y)Σ

( x
y
)

+ ⟨µ, (x , y)⟩

γ1(x , y) = ⟨R1, (x , y)⟩
γ2(x , y) = ⟨R2, (x , y)⟩

φ1(y) = Aφ(0, y) + B
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Some history, from discrete random walks
to continuous diffusions
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Random walks in the quarter plane

Joint conference DRN + EFI

• Transition probability in the direction (i , j): pi ,j

• Characteristic polynomial:
∑

(i ,j)∈Z2
pi ,jx iy j

• Reflection (or killing) on the boundary

Main objectives in the early papers
Computation of the stationary distribution (πi ,j)i ,j⩾0
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Malyshev’s work

Joint conference DRN + EFI

Introduction of the key ideas
• Functional equation
• Riemann surface ∑(i ,j)∈Z2 pi ,jx iy j = 1
• Difference equations
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Fayolle-Iasnogorodski-Malyshev

Joint conference DRN + EFI

The little yellow book
Unifies Malyshev’s approach and Fayolle-Iasnogorodski’s ’79 paper

• Statement of a difference equation
boundary value problem

• Explicit resolution in terms of
contour integrals
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Introduction of reflected BM

Joint conference DRN + EFI

Early study of reflected BM
[Harrison Reiman Varadhan Williams 80ies]

λi(n), νi(n) → 1
2 , √

n(λi − νi) → µi and ν∗
i (n) → ri +1

2

[Reiman ’84]
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Analytic approach

Joint conference DRN + EFI

In the 80ies
Independent works of [Foschini ’82, Foddy ’84, Baccelli
Fayolle ’87]

In some

symmetry

very particular cases

covariance

• realized functional equation approach inspired by F-I-M
• first few results

Sandro Franceschi & collaborators
Optimal hypotheses + other models

(transient)
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Using different tools

Joint conference DRN + EFI

Combinatorics
[Bousquet-Mélou Elvey

Price etc.]

Galois theory
[Dreyfus Hardouin

Roques Singer etc.]

Complex analysis
[Fayolle Franceschi R.

etc.]

Probability
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Main results: characterization and
computation of the solutions
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The parameters

Joint conference DRN + EFI

Cone normalized
Covariance arbitrary
9 parameters?

Cone arbitrary
Covariance normalized
4 angles

γ(x , y) = 1
2(x , y)Σ

( x
y
)

+ ⟨µ, (x , y)⟩

γ1(x , y) = ⟨R1, (x , y)⟩
γ2(x , y) = ⟨R2, (x , y)⟩
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The parameters

Joint conference DRN + EFI

Cone normalized
Covariance arbitrary
9 parameters?

Cone arbitrary
Covariance normalized
4 angles

γ(x , y) = 1
2(σ11x2 + 2σ12xy + σ22y2) + µ1x + µ2y

γ1(x , y) = r11x + r21y
γ2(x , y) = r12x + r22y
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Main results (1/3)

Joint conference DRN + EFI

A geometric quantity

α = δ + ε − π

β

Observation
Two new parameters govern
the evolution of reflected BM

α1 + α2 = 2α − 1
α1 = 2ε+θ−β−π

β

α2 = 2δ−θ−π
β
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Main results (2/3)

Joint conference DRN + EFI

α = δ + ε − π

β
, α1 = 2ε + θ − β − π

β
, α2 = 2δ − θ − π

β

Theorem
Necessary and sufficient condition for the Laplace transform
φ(x , y) to be rational/algebraic/D-finite/D-algebraic

D-algebraic D-finite Algebraic Rational
β
π /∈ Q Condition (C) Condition (C′) α ∈ Z, or

α1, α2 ∈ Z α ∈ Z

β
π ∈ Q always Condition (C) α ∈ Z

(C) α ∈ Z+ π
βZ or α1, α2 ∈ Z+ π

βZ
(C′) α ∈ −N0 + π

βZ or
α1, α2 ∈ Z ∪ (−N + π

βZ)
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Main results (2/3)
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α = δ + ε − π

β
, α1 = 2ε + θ − β − π

β
, α2 = 2δ − θ − π

β

Theorem
Necessary and sufficient condition for the Laplace transform
φ(x , y) to be rational/algebraic/D-finite/D-algebraic

D-algebraic D-finite Algebraic Rational
β
π /∈ Q Condition (C) Condition (C′) α ∈ Z, or

α1, α2 ∈ Z α ∈ Z

β
π ∈ Q always Condition (C) α ∈ Z

(C) α ∈ Z+ π
βZ or α1, α2 ∈ Z+ π

βZ
(C′) α ∈ −N0 + π

βZ or

linear relations

α1, α2 ∈ Z ∪ (−N + π
βZ)
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Main results (3/3)

Joint conference DRN + EFI

Theorem
Condition (C) =⇒ elementary expression of φ(x , y) in terms of
(possibly irrational) powers

• φ1(y) is a rational function in y and Tπ/β(ay + b), where a
and b are explicit and Tc(z) is the generalized Chebychev
polynomial

Tc(z) = 1
2

((
z +

√
z2 − 1

)c +
(
z −

√
z2 − 1

)c)
• Similar statement for φ2(x)
• Functional equation gives φ(x , y)

−γ(x , y)φ(x , y) = γ1(x , y)φ1(y) + γ2(x , y)φ2(x)

Corollary
Condition (C) =⇒ φ(x , y), φ1(y) and φ2(x) all D-algebraic
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Three examples
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Rational cases: α ∈ Z
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Theorem
If α ∈ Z, then

• φ1(y) = 1
polynomial(y)

• Corresponding density

boundary invariant measure

: ∑κv ie−av

• If all poles of P(y) are distinct, then sum-of-exponential
density [Dieker Moriarty ’09]

• Multiple poles may occur. For instance if δ + ε + β = π and
θ − 2δ = 2β + π, then

φ1(y) = κ

(a − y)2

Erlang distribution, with density a2ve−av
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A D-finite case: δ + ε + β = 2π
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Theorem
Under the above assumption

φ1(y) = κ
Tπ/β(ay + b) − A
(B − y)(C − y)

with all constants explicit and

Tc(z) = 1
2
((

z +
√

z2 − 1
)c +

(
z −

√
z2 − 1

)c)
• φ1(y) is D-finite, even algebraic if π/β ∈ Q

• Linear differential equation satisfied by Tc yields an explicit
order-4 recurrence relation for the moments

probabilistic application
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A double algebraic case: α1 = α2 = 0

Joint conference DRN + EFI

Theorem
If

α1 = 2ε+θ−β−π
β

α1 = α2 = 0, we have

α2 = 2δ−θ−π
β

• φ1(y) = κ√
A−y

• density e−v/A
√

v

• Explicit density in polar coordinate

π(r cos a, r sin a) = cos( θ−a
2 )

√
r exp

(
−c · r · cos2( θ−a

2 )
)

• Extends special case of [Harrison ’78]
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Some ideas of proofs
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A functional equation for φ1(y)
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Algebraic manipulations starting from the functional equation
−γ(x , y)φ(x , y) = γ1(x , y)φ1(y) + γ2(x , y)φ2(x)

Quadratic kernel
γ(x , y) =
1
2(σ11x2+2σ12xy+σ22y2)+µ1x+µ2y

An involution
y ↔ y ′, with γ(x , y) = γ(x , y ′) = 0

−1 −0.5 0.5 1 1.5 2

−1

1

2

•

•

x•

•y

•y ′

• If γ(x , y) = γ(x , y ′), by elimination of φ2(x)
γ1(x , y)
γ2(x , y)φ1(y) = γ1(x , y ′)

γ2(x , y ′)φ1(y ′)

• Equivalently, for some algebraic functions A(y) and B(y)

φ1(B(y)) = A(y)φ1(y)
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Rational uniformisation of γ(x , y) = 0

Joint conference DRN + EFI

The Riemann surface

γ(x , y) = 1
2(σ11x2 + 2σ12xy + σ22y2) + µ1x + µ2y = 0

can be parametrized by


X (s) = a1 + b1

(
s + 1

s

)
Y (s) = a2 + b2

(
s

eiβ + eiβ

s

)

Involutions
X (1

s ) = X (s) and

q = e2iβ

Y (q
s ) = Y (s)

The involution y ↔ y ′

γ(x , y) = γ(x , y ′) = 0 with x = X (s)
then y = Y (s) and y ′ = Y (1

s )

−1 −0.5 0.5 1 1.5 2

−1

1

2

•

•

x•

•y

•y ′
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A q-difference equation

Joint conference DRN + EFI

Former equation
φ1(y ′) = A(y)φ1(y)

We evaluate at y = Y (s) and set
{

A(Y (s)) = Ã(s)
φ1(Y (s)) = φ̃1(s)

A q-difference equation...
φ̃1(qs) = Ã(s)φ̃1(s)

...with |q| = 1
Recall that q = e2iβ

s1 = −ei(2β−2ε−θ) and s2 = −ei(2δ−θ)

Then Ã(s) = (s − s1)(s2s − 1)
(s − s2)(s1s − 1)
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Factorisation

Joint conference DRN + EFI

Key observation
If there exists a rational function R(s) such that

Ã(s) = R(s)
R(qs) (decoupling)

then the q-diff equation φ̃1(qs) = Ã(s)φ̃1(s) becomes

(Rφ̃1)(qs) = (Rφ̃1)(s)

• Then (Rφ̃1)(eiω) is 2β periodic

explicit trigonometric solution
• It may happen that Ã(s)2 decouples
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Computations under Condition (C)
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Theorem
Decoupling ⇐⇒ (C)

Existence of a decoupling

Ã(s) = (s − s1)(s2s − 1)
(s − s2)(s1s − 1) = R(s)

R(qs)

⇕

(C) α ∈ Z + π
βZ or α1, α2 ∈ Z + π

βZ

Corollary
Condition (C) =⇒ φ(x , y), φ1(y) and φ2(x) all D-algebraic
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Converse statement uses Galois theory

Joint conference DRN + EFI

Theorem
D-algebraicity =⇒ Condition (C)

Galois theory of q-difference equations gives necessary condition
on the function Ã(s) for φ̃1 to be algebraic

If φ̃1(qs) = Ã(s)φ̃1(s) is D-algebraic, then with ∂ = is d
ds

c0
∂Ã
Ã

+ c1∂

(
∂Ã
Ã

)
+ · · · + cN∂N

(
∂Ã
Ã

)
= h(qs) − h(s)

Reasoning on the poles

yields Condition (C)
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Degenerate reflected Brownian motion
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Degenerate reflected Brownian motion
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Degenerate obliquely reflected BM in
dim 2 [Ichiba Karatzas]

X (t) =

X (0) + B(t) + µt + (R1|R2)
(

LOx (t)
LOy (t)

)
• X (0) starting point in R2

+
• µ drift in R2

• oblique reflections R1 and R2

• LOx (t) local time on the axis Ox
• B(t) =

(
B1(t), B2(t)

)
covariance

rank 1

Σ

Two options: Σ =
(

1 1
1 1

)
and Σ =

(
1 −1

−1 1

)
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Motivations
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Rank-based diffusions
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Competing three particle systems

[Ichiba Karatzas]
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Other motivations
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Degeneracy of RBM
Reflected BM −→ Analytic description

↓ ↓
Degenerate RBM −→ ?

Confluence
q = e2iβ → 1

Space-time Brownian motion
(t, Bt)
[Bougerol Defosseux ’22]
[Franceschi ’24]
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Main results
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Main results (1/2)
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A particular model
• Symmetric reflections

(rank-based diffusions)
• Normalisation µ1 + µ2 = 1
• One parameter µ1

R2 =
( −½

1
)R1 =

( 1
−½

)µ = (µ1, µ2)

Theorem [Franceschi Ichiba Karatzas R.]

π(u, 0) =∑
n∈Z(n−1)n(n+1)(n−1+µ1)(n+µ1)(n+1+µ1)(n+ µ1

2 )e−n(n+µ1)u

π(u, 0) = d
du

(
d
du + 1 − µ1

) (
d
du + 1 + µ1

)
θµ1(e−u)

with θµ1(q) = ∑
n∈Z(n + µ1

2 )qn(n+µ1)

• First proof: functional equation
• Second proof: Ansatz for the bivariate density π(u, v)
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First proof: functional equation

Joint conference DRN + EFI

Theorem [Franceschi Ichiba Karatzas R.]

π(u, 0) =∑
n∈Z(n−1)n(n+1)(n−1+µ1)(n+µ1)(n+1+µ1)(n+ µ1

2 )e−n(n+µ1)u

The Laplace transform∫ ∞

0
π(u, 0)e−uxdu = x(x + 1 − µ1)(x + 1 + µ1)

cos
(
π
√

µ2
1 − 4x

)
− cos

(
πµ1

) globally
meromorphic

Proof: infinite sum

1
tan x = 1

x +2x
∑
k⩾1

1
x2 − (kπ)2

Mittag-Leffler expansion

Infinite product

sin x = x
∏
k⩾1

(
1 − x2

(kπ)2

)
π(u, 0) = ∑

k ̸=−1,0,1 E(k(k +µ1))
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Main results (2/2)
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Theorem

π(u, v) = c
∑
n⩾0

cne−anu−bnv + c ′ ∑
n⩾0

c ′
ne−a′

nu−b′
nv

• Recursive computation of
the constants

• an, bn quadratic

same for a′
n, b′

n

• cn = P8(n) + (−1)nQ8(n)

Corollary
π(u, 0) =∑

n∈Z(n−1)n(n+1)(n−1+µ1)(n+µ1)(n+1+µ1)(n+ µ1
2 )e−n(n+µ1)u
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Main results (2/2)
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Theorem

π(u, v) = c
∑
n⩾0

cne−anu−bnv + c ′ ∑
n⩾0

c ′
ne−a′

nu−b′
nv

• Recursive computation of
the constants

• an, bn quadratic

same for a′
n, b′

n

• cn = P8(n) + (−1)nQ8(n)

Asymmetric reflections

More general reflections [Dreyfus Flin Franceschi ’24+]
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Basic Adjoint Relationship
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PDE called basic adjoint relationship [Harrison Williams]
G∗π(u, v) = 0 (I)
∂R∗

1
π(0, v) + 2µ1π(0, v) = 0 (V)

∂R∗
2
π(u, 0) + 2µ2π(u, 0) = 0 (H)

with 

G∗ =
(

∂
∂x − ∂

∂y

)2
+ µ1

∂
∂x + µ2

∂
∂y

R =
(

1 −½
−½ 1

)

R∗ = 4Σ − 2Rdiag(R)−1 =
(

2 −3
−3 2

)

Σ =
(

1 −1
−1 1

)
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Compensation approach
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Main objective (discrete setting)

Use the invariance property πP = π to compute directly the
stationary distribution πi ,j without the generating function∑

i ,j⩾0
πi ,jx iy j

[Adan Wessels Zijm ’93]
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Compensation approach (1/2)

Joint conference DRN + EFI


G∗π(u, v) = 0 (I)
∂R∗

1
π(0, v) + 2µ1π(0, v) = 0 (V)

∂R∗
2
π(u, 0) + 2µ2π(u, 0) = 0 (H)

Ansatz
π(u, v) =

∑
n

cne−anu−bnv

• e−au−bv solution to (I) ⇔
(a, b) ∈ P∗

• e−au−bv solution to (I) and (V) ⇔
(a, b) = (a0, b0)

• c0e−a0u−b0v + c1e−a1u−b1v solution
to (I) and (H) ⇔ condition c0, c1

∈(I)∩(V) ∈(I)∩(V) ∈(I)∩(V)︷ ︸︸ ︷ ︷ ︸︸ ︷ ︷ ︸︸ ︷
c0e−a0u−b0v + c1e−a1u−b1v + c2e−a2u−b2v + c3e−a3u−b3v + c4e−a4u−b4v + · · ·︸ ︷︷ ︸ ︸ ︷︷ ︸

∈(I)∩(H) ∈(I)∩(H)
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Compensation approach (2/2)
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Two orbits
possible starting points

• c0e−a0u−b0v + c1e−a1u−b1v solution
to (I) and (H) ⇔ condition c0, c1

• c ′
0e−a′

0u−b′
0v + c ′

1e−a′
1u−b′

1v solution
to (I) and (V) ⇔ condition c ′

0, c ′
1

Theorem

π(u, v) = c
∑
n⩾0

cne−anu−bnv + c ′ ∑
n⩾0

c ′
ne−a′

nu−b′
nv
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Thank you for your attention

Joint conference DRN + EFI

Stochastic reflection
5–9 August 2024

Isaac Newton Institute, Cambridge
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Appendix
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Classes of functions
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Probabilistic interpretation of θµ1(q)
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θµ1(q) = ∑
n∈Z(n + µ1

2 )qn(n+µ1)
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