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Berkovich points

and Dwork’s generic points
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Constant fields

o Let K be a complete extension of Qp, |p| = p~1

K the residue field, |K*| the absolute values group,
K38 the algebraic closure of K, K28 its completion.

o Let Q be a "big enough” extension of K , namely
Q/K is transcendental, |Q*| = R>?,
Q spherically complete and algebrically closed.

For t € € let us define :

e the multiplicative semi-norm |- | over K|[x| by "D‘r < P(t)],
o the radius of t by

-

|

def . | o
t) < inf t— d(t, K*8) = d(t, K*8).
POF e o = KT = d K
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Berkovich points

Let M(K) be the set of multiplicative semi-norm on K[x].

o Elements of M (K) are called Berkovich points of Af.

@ Then M(K) U {oc} is the set of Berkovich points of Pj.

There is an isomorphism :

Q/Gal*™(Q/K) —  M(K)
t —

Remark on notations

We will often write abusively t instead of |-|; confusing t and its
image modulo Gal®®* (Q/K).
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Dwork's generic points
For a€ K38 and p>0,

sup  [P(x)| = |Plz,,
xeD(a,p~)

if and only if t,, € Q satisfies

|tap—al= p= p(tap)= d(ta,, K*').

“Tree" structure on M (K) U {oo}
M(K) is a “quasi-polyhedron” :

e ‘“branches” made of paths
def

Ja, 00 = {"’ta’ﬂ}pE]Qoo[ (a € K*1g)

o “leaves” = K21€/Gal®"t (K218 /K) IR
. and “points of fourth kind". : __ EE

N
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Function defined by a sub-tree

Let ¥ € M(K) be a sub-tree and p : Edges(T) — R, p(?) = —p(?).
Then ¢g, : M(K) — [0,00] is defined (up to a constant) by

@ For paths b meeting T in at most one point, ¢z, is constant on b.

L o N .
o For b =]t,,, t,r[ € Edges(T), ¢z p(ts,)=C" PO pelr R

Basic example : the function t— |f|; for f € K(x)

b (t) = CSt}f‘t , when %¢ = tree(zeros and poles of f)

—_
and pr(Jtar, tar[) = #zeros—#poles of f in D(a,r™) (r<R).

v

e pole

® Z€ro
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Function Radius (of convergence)

Definition and properties
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Definition

Various radii associated to the differential equation y' = fy

For f € K(x) let us define recursively :  fo, =1, fiyq1 < L(A)+AF.

+1 — gx\'s

Let Pr < {poles of £ in P!} and pf(t )d—efd(t Pr) > p(t) . Then
1 —1/s
ey

s!

For t € Q—Pr Rad(f,t) = liminf

Y
S—00

t

Radpy(f,t) = min {p(t),Rad(f, 1)},
Radpy(f,t) = min {ps(t),Rad(f,t)}.

(1)

These radii clearly rely only on |- |¢ . Our aim is to study the function

Radgy(f,-) : M(K) — Pr/Gal”(Q/K) — RO,

v

Except when |f|; is “big” and hence when Rad(f,t) is “small”’,
the definition (1) do not allow explicit computations.
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Taylor solution

For feK(x), teQ—Pr let: 7(x1) =S A(t)= (x—t)°

One checks easily  f(t,t) =1 and Lf(x,t) = f(x)f(x,t) hence

Basic formula

Fiety,=ep (XN = y) calyl] )

s=1

Rad(f,t) as the radius of convergence of a power series

Let Rocf denote the radius of convergence of f € Q[[y]] and let us set

RocBV? = min { Roc?,

zeros of ?|} = min{Roc?, Roc%}.

Then Rad(f,t) = Roc f(t+y,t), Radsy(f,t)=Rocsy f(t+y,t).

v
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Theoretical results

Small radius theorem

1

1 Tt __1
If |fle> —— then Radgy(f,t) = Rad(f,t) = p|f’; < p P p(t).
t

p(t)

”

When |f|; < ﬁ, there exist an integer m and a “ Frobenius antecedent
™(f) with “small radius” and such that

Rad(f, t) = Rad (™(f), tP") /7"

Constructing ¥ (f) is not an effective process.
Moreover, m relies deeply on the unknown Rad(f,t) !
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Regular and singular branches of a Berkovich points

For ac K¥&, t € M(K) let B(t,a)= {u € M(K)ufoo}, It, ulu]t, a[# 0},

sgbrs(t) = Ueep, B(t,c) rgbr (t) = M(K)u{co} — sgbr(t).
In particular, t € rgbr(t).

A\

Properties of the radius function  Radgy(f,.)
e It is continuous for both topologies on M(K) ,
o If Radgy(f,t) > p(t) then Radgy(f,.) is constant on rgbr.(t),
e When PrN{x;r<|x—a|<R} =0 itis logarithmically concave
on the path [t.,, taR],
o It is defined by a sub-tree (Baldassarri conjecture) s.t. :
o slope integrality : p(E) €7,

e harmonicity : the sum of the log-slopes on edges starting from a
vertex is O [counting edges with multiplicity].

v
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Equations without singular point

f € K|x]

Exponentials of polynomial have no zero in their disk of convergence. So it is
useless to distinguish between Roc and Rocgy for them. Consequently, when
f € K[x] , one has Radgy(f,t) = Rad(f, t) and we will omit gy.
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Radius of convergence of a product

General setting

For f, € Q[[y]], Rocfg > min { Roc f,Roc g}

But inequality can be strict : (I—y) Zys =1 .. (3)
s>0

The improvement when introducing  Rocgy

If ROCBv? > ROCBVg then ROCBV;E? = ROCBVg 5 (4)

But, beyond example (3), there is the basic Dwork’example :
p—1
Rz

Rocexp(myy — moyP) = p *

> 1 = Rocexp(m, y) = Roc exp(—m, yP).

We produce now situations where (4) is an equality even for equal radii.
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The sequence 7,

Definition
Let P(x) =xP+ px,

[More generally P(x) = x* + px mod px*Z[x]]

and let define {7mm}m>0 recursively by P(mp) =0, P(mmt1)=7m.

For the sake of simplicity, we will suppose m, € K.

Some properties of the 7, useful for computations

|

|Tm|=p (P~1DP" and, for m>1 and P = % ’
1

1 1 P
™ —m & —mTT T -1+ 57
| =pr", i +C‘=pp“, ‘ - —1+pC'=p P
Tm—1 Tm—1 m—1
m m _71
[I¢I=p#" and, for ¢*"=¢" =1, |¢(-¢|<p @],
v
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Robba exponentials (following Pulita)

Definition of Robba polynomials and Robba exponentials

For any integer n=dp™>1 (p fd and m >0), let us set

def — _ m__
e,,(x)=e7rmdxd L 1 dx®P 4 o d x|

def 1

" - 1 .
én(y) = én(y,0) = exp (mmy? + S -1 yP 4.4 - moy®") .

v

Theorem
1 iflt] <1,
[t if |t > 1.

en(y) € Zp[mmlllyl] .~ Rad(en, t) = {

Hence Rad(ep,t) is defined by the following sub-tree

to,1 n_1 00
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Product of Robba exponentials

Natural decomposition for exponentials of polynomial

S S
VP)=> cy cQy] 3IXxeQ st expP(y)=]]a0y).
s=1 s=1

Then Rocexp P(y) = mins Rocés(Asy) = mins })\s‘_l .

But in general neither the s neither any of their powers are in K[c].
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Product of Robba exponentials

Witt decomposition for exponentials of ponnomiaI

def
—exp(chy) H H €pm(d)— ald.y )
pfd,d=1 i=0
P

o for Capi = gy + Py +-+pP aid,

Tm(d)—i
@ ie ajg €Q [ﬂ @ S T dp,] [0<I<m(d)]

Then Roc f = min Roc €pm(a)—i(aid yd”i) = min }a,-,d‘_
d,i d,i

The m(d) are far from unique : cy,i =0 for i > m(d) is enough.
Hence there are several decompositions ... giving the same radius !
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Example : polynomial of degree p?

2

P 2
2 p-1 d d, pe-1 d
Yoayi=aytopyPrepy” £ ayltapy® £ cay
s=1 PXdad:P"Fl
~ ~ ~ 2
exp ('D(Y)) = ep2(30,1 y) ep(al,l yP) er(a1 y?)
p=1_ dy ~ dp PPl d
Hd:2 ep(a0.q,y°) e(ana y™) H ed(a0,4 )
P*d»d:PJrl
d=1 A, = ! c a, = 1 c L cP
(—) 0,1—7_‘_2 1, 1,1_7_[_1p pﬂ_gla
1 1< 1 1 )’ 1
A, =—Cp———cp,— —5cP) — .
2,1 0 2 p\ 1 P Pﬂ'g 1 p27T§2 1
2<d Ay = 1 C ay = 1 c 1 cP
(2<d<p) 0d = d > 1,d*7r0 dp pﬁf d
1
(d>p) d0,g = —Cd -
o
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Equations without singular point : the algorithm

Given f € K|x].

@ Compute the Taylor solution f(t+y,t) € K[t][[y]] (see (2))
@ Compute the polynomials a; 4 € K[t] s.t.

m(d ‘
?(t +_y7 H H e m(d)— l<a, d t) ydp’> s
p/d,d=1 i=0

© Construct the sub-trees associated to the functions t — |a; 4]; ,

@ Comparing them, construct the sub-tree associated to the function

Rad(f,t) = midn lai,d{t i
Iy
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Q f(t+y,t)=exp ((t +y)P - tp2> = exp <

_1

_1

1

-
|2l 7 =p

. -1+
with |a, — 1| < p

Gilles Christol (UPMC)
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Sub-tree of the function Rad(p?x”" 1, t)

1 2
rn = p -1 =Rocexp(xF)
1
n = p~
2
r = pP2
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General Case

f e K(x)
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The trouble

Because it contains infinitely many factors, the power series
oo
~ _ 1
Fe+y,1)=exp (Y () 5 ) (2)
s=1

cannot be written directly as a product of Robba exponentials .

Basic idea to (uniformly) “cut off the tail”

When oo ¢ Pr , one has ‘éf(s)’t < pr(t)~%|fl¢ . Hence

1
R \° p p1
Roc exp <f(5_1) t ly5> >R assoonas s <> S [L—
QE o) =\ oI
Rad(f,t
Hence if ap((t’)) <f<l1 somewhere, we can “cut off the tail”
f

in the formula (2) namely drop terms for s > S for an explicit index S.
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The case of regular branches of a point

def

For ue B(t,a) C rgbrs(t), and R < Rad(f,t) < p = p(t) , one has
a 1
Radpy(f, u) = Rad(f,u) < potl Retl < p
. detf . —
o = sing(t) = > cp, log-slope of Rad(f, u) in t~ along ]c, t[ .

[Some extra complications for “disks” centered at infinity are omitted.]

log, Rad(f, u}t
log,, pr(u)

log, R + alog, p
a+1

log, R

-~ log,, p(u)

.
Indeed the log-slope of Rad(f, t) along ]a, t, ;[ is at most .
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Method of steepest descent : case of an single point
let teQ—Pr, letusset p<= p(t), RERad(f,t), o™ sing,(t) .
Then, if R <p, whencomputing Rad(f,u) for u€rgbre(t),

terms (=1 (y) éys can be dropped as soon as

1 (RY Pfﬁ o
atl ) < | F0—o :
° <p> = <pVL>

Moreover, the factor s®*1 can be omitted when f has no residues.

Actually ,  for u € rgbrs(t), one gets

1
roce (600 3 y7) 2 (575 L1 )

[if R=p, one already knows that Rad(f,u) =p for u € rgbrs(t)].
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Let 77 & sub-tree of Py = {te Mk, p(t)=pe(t)} . J

Method of steepest descent for edges of 7r

Let [tcr,tcr] bean edge of T¢ . Let suppose that Rad(f,tc,) < r and
the log-slope o > 1 of Rad(f,t) in t., along [t.,,tcRr] are known.
Then choosing a # <1 one can compute the function Rad(f,t) for

_a __1_
r<|t—c| < Ry=ra=0 Rad(f,tc,) @0 .

log,Rad(f,t) ¢ //E
7 E
- : !
e ! !
/ 1 1
~ ! ' .
Iogp pr(t) ~ Iogp Ry |°gp R log, [t — c|
0 |ng Pf(t) i
log, r
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Sketch of an algorithm for the general case f € K(x)

© Write partial fraction decomposition (ac € K*& and f. € K*'€[X])

f(x)= Z Xa_cc + foo(X) + Z (x :1(_-)2 fc(xic>

cePr cePr—{oo}

@ For t € Tf, compute the Rad(f.,t) and find

+ ct

1
min{Roc(l—i—y)aC]t— cl; Raday(fe, ——); RadBv(foo,t)} (5)

[Roc(l + y)* is explicitly given when knowing d(ac,ZP)} .

© Compute the function Rad(f, t) on T¢ using (recursively) the method
of steepest descent for “solving ambiguity” namely edges where he
radius is not small an the minimum (5) is reached by several terms.

@ "Smooth angles’, by using method of steepest descent for isolated
points of Tr where harmonicity condition is not fulfilled.
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Example f(x)

log, Rad(f, t)

log,, Rad(—%7 t)

log,, |t

Gilles Christol (UPMC)

angle

log, Rad(1, t)

There is no ambiguity ...
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Example f(x)=1— 2 : smoothing the angle

Let t =to1 then: rgbr(t {uE/\/lK lul=1}, p=p(t)=1
a =sings(t)=2, R= Rad(f t)y=p P #1 and If(t)=1.
1

1
We can drop terms such that (pfﬁ)s < (pfﬁ)o‘%l
ie. s>3.

When v € rgbry(t) and Rad(f,u) < p(u) , we get :

2
1 ! 1
Rad(f, u) = Roc eXp; f(s—l)(u) gys — Rocexp ((u - Vy+ ﬁyz)

:min(p_ﬁ‘u2_]_|_1’p 2(p— 1>—p p1 ‘U _]_’_
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Sub-tree of the function Radgy (1 — é, t)

Qe >
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Final remarks

© When f has three or more distinct poles, ambiguities can occur. It is
not clear that the method of steepest descent enables to conclude in
any case : if there is an hidden angle, it can be found by choosing a
convenient 6 but how to be certain that there is no hidden angle ?

@ To better understand the underlying problems, further examples would

be needed. But they imply often very tedious computations. Hence,
to go further, it would be essential to enjoy the help of a computer.
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