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Refined Product Formulas for Tamari Intervals

This Maple session complements the work by Alin Bostan, Frédéric Chyzak, and 
Vincent Pilaud (March 2023). It contains all calculations described in the arXiv 
prepublication (v1).
The present version, dated April 3, 2023, also contains and evolution of Remark 
20 in the article (v1) with a conceptually simpler computational proof of Theorem
1.

r e s t a r t ;
For some of the calculations, we will need a package by Frédéric Chyzak, Mgfun,
which can be found at https://mathexp.eu/chyzak/.

l ibname := "/home/chyzak/Mgfun.mla",  l ibname:

[4.1 Theorem 1 by creative telescoping]

Goal
We are interested in the generating series A(t,z) in Q[z][[t]], whose 
coeff ic ient with respect to t^n*z^k is:

C F _ A  : =  2  *  b i n o m i a l ( n + 1 ,  k + 2 )  *  b i n o m i a l ( 3 * n ,  k )  /  ( n  *  
( n + 1 ) ) ;

That is, the series is:
A ( t , z )  =  S u m ( S u m ( C F _ A  *  t ^ n * z ^ k ,  k = 0 . . n - 1 ) ,  n = 0 . . i n f i n i t y ) ;

K

We want to prove that this series is an algebraic series, solution of the 
polynomial:

X^4*t^3*z^6 +  X^3* t^3*z^6 +  6*X^3*t^3*z^5 -  3*X^3*t^3*z^4 +  
6*X^2*t^3*z^5 +  3*X^3*t^2*z^4 +  9*X^2*t^3*z^4 -  12*X^2*t^3*
z^3 +  2*X^2* t^2*z^4 +  12*X* t^3*z^4 +  3*X^2* t^3*z^2 -  6*X^2*
t^2*z^3  -  4 *X* t^3*z^3  +  21 *X^2* t^2*z^2  -  9 *X* t^3*z^2  -  10 *X*
t^2*z^3  +  8 * t^3*z^3  +  6 *X* t^3*z  +  3 *X^2* t *z^2  +  26*X* t^2*z^2
-  1 2 * t ^ 3 * z ^ 2  -  X * t ^ 3  +  6 * X * t ^ 2 * z  +  6 * t ^ 3 * z  +  X * t * z ^ 2  -  t ^ 2 *
z ^ 2  +  3 * X * t ^ 2  -  t ^ 3  -  1 2 * X * t * z  +  1 0 * t ^ 2 * z  -  3 * X * t  +  2 * t ^ 2  +  
X  -  t :
P  : =  c o l l e c t ( % ,  X ,  f a c t o r ) ;
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Let us first check that there is no mistake in the posed problem, that is, that
P(t,z,A(t,z)) = 0.

N  : =  2 0 :
ser_A :=  add(add(CF_A*z^k* t^n ,  k=0 . .n -1 ) ,  n=0 . .N) :
s e r i e s ( s e r _ A ,  t ) ;

s e r i e s ( e x p a n d ( s u b s ( X  =  s e r _ A  +  O ( t ^ ( N + 1 ) ) ,  P ) ) ,  t ,  i n f i n i t y )
;

First step: compute a recurrence relation on the 
coefficients a[n](z) of the solution A(t,z) of P(t,z,X).
The gfun package is now classic. We use it to transform the polynomial 
equation into a differential equation, then into a recurrence equation on the
coefficients with respect to t of any series solution.

w i t h ( g f u n ) ;

d e q _ A  : =  a l g e q t o d i f f e q ( P ,  X ( t ) ) ;
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c o l l e c t ( d e q _ A ,  { d i f f ,  X } ,  f a c t o r ) ;
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nops(expand(deq_A));
135

s y s _ A  : =  d i f f e q t o r e c ( d e q _ A ,  X ( t ) ,  a ( n ) ) ;
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rec_A :=  co l l ec t (op ( remove( type ,  sys_A,  equa t ion ) ) ,  a ,  
f a c t o r ) ;
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To fix ideas, let us numerically verify that this recurrence relation is indeed 
satisfied for a few values of n (from 10 to 15):

s e q ( n o r m a l ( e v a l ( s u b s ( a  =  u n a p p l y ( c o e f f ( s e r _ A ,  t ,  n ) ,  n ) ,  
s u b s ( n = i ,  r e c _ A ) ) ) ) ,  i = 1 0 . . 1 5 ) ;

Second step: compute a recurrence relation on the 
polynomials aa[n](z)  = Sum(CF_A * z^k,  k=0. .n-1) .
We use Zeilberger's algorithm for the computation of sums. On our 
instance, the output is a bit large. It is a pair [T(n,z,sn), C(n,k,z)] consisting 

satisfying a specific recurrence relation (to be provided below).
zb_A := SumTools:-Hypergeometr ic:-Zei lberger(CF_A *  z^k,  n,  
k ,  s n ) :
z b _ A  : =  a p p l y o p ( c o l l e c t ,  1 ,  z b _ A ,  s n ,  f a c t o r ) :
zb_A :=  app lyop( fac tor ,  2 ,  zb_A) ;
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r e c z b _ A  : =  a d d ( c o e f f ( z b _ A [ 1 ] ,  s n ,  i )  *  a a [ n + i , k ] ,  i = 0 . . 2 ) ;
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This provides the eta[i](n) given in the article:
f o r  i  f r o m  2  t o  0  b y  - 1  d o  e t a [ i ] ( n )  =  c o e f f ( z b _ A [ 1 ] ,  s n ,  i )
od;
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The algorithm justif ies the following recurrence relation involving a forward
finite operator Delta[k]:

reczb_A =  De l ta [k ] ( f ac to r ( zb_A[2 ] /CF_A/z^k )  *  aa [n ,k ] ) ;
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The set of poles to be avoided in the summation argument in the article is 
the fol lowing.

Z =  {so lve (denom(zb_A[2 ] ) ,  k ) } ;

We apply sound creative telescoping. Here, this justifies the homogeneous 
recurrence relation in the article:

rhs  =  co l lect (expand(subs(k=n-1 ,  zb_A[2] )  -  subs(k=-1 ,  zb_A
[ 2 ] )  +  a d d ( c o e f f ( z b _ A [ 1 ] ,  s n ,  i )  *  a d d ( s u b s ( n  =  n + i ,  k = n + j ,  
C F _ A  *  z ^ k ) ,  j = - 1 . . i ) ,  i = 0 . . 2 ) ) ,  b i n o m i a l ,  f a c t o r ) ;
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subs(seq(b inomia l (e , -1 )  =  0 ,  e= [n+1 ,n+2 ,n+3 ,3 *n ] ) ,  %) ;

We can also validate numerically that the recurrence is satisfied for a few 
values of n (in the range 10 to 15):

seq (norma l (eva l (subs (aa  =  unapp ly (coe f f ( se r_A ,  t ,  n ) ,  n ) ,  
s u b s ( s e q ( a a [ n + j , k ]  =  a a ( n + j , k ) ,  j = 0 . . 2 ) ,  n = i ,  r e c z b _ A ) ) ) ) ,  
i = 1 0 . . 1 5 ) ;

So we have justified the following recurrence relation:
r e c 2 _ A  : =  s u b s ( s e q ( a a [ n + i , k ]  =  a a ( n + i ) ,  i = 0 . . 2 ) ,  r e c z b _ A ) ;
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Third step: compute a common recurrence relation 
for a[n](z)  and aa[n](z) ,  and conclude.
We proceed to prove the equality between the solution a[n](z) of a fourth-
order recurrence equation and the solution aa[n](z) of a second-order 
recurrence equation.

indets ( rec_A) ;

indets ( rec2_A) ;

To this end, we first derive a common recurrence relation, which is a 
relation satisfied by any linear combination with constant coefficients of the 
two sequences. It will in particular be valid for a(n) = a(n) + 0 and for aa(n) 
= 0 + aa(n). The syntax of `rec+rec` uses the same name for all input and 
output equations.

rec lc lm_A :=  co l lec t ( ` rec+rec ` ( rec_A,  subs(aa=a ,  rec2_A) ,  a
( n ) ) ,  a ,  f a c t o r ) ;
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It turns out that this is the already known fourth-order equation.
rec_A -  rec lc lm_A;

0

The recurrence can be unrolled over all natural integers, as its leading 
coefficient has no nonnegative integer root.

s o l v e ( c o e f f ( r e c l c l m _ A ,  a ( n + 4 ) ) ,  n ) ;
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So the solution to the recurrence is identified by its first 4 terms, and to end
the proof, it is sufficient to compare enough initial conditions.

f o r  i  f r o m  0  t o  3  d o
    c o e f f ( s e r _ A ,  t ,  i )  =  e v a l ( a d d ( s u b s ( n = i ,  k = j ,  C F _ A * z ^ k ) ,  
j = 0 . . i - 1 ) )
od;

[4.2 Theorem 2 by creative telescoping]
This section is very similar to the previous one about Theorem 1.

Goal
We are interested in the generating series B(t,z) in Q[z][[t]], whose 
coeff ic ient with respect to t^n*z^k is:

C F _ B  : =  2  *  b i n o m i a l ( n - 1 ,  k )  *  b i n o m i a l ( 4 * n + 1 - k ,  n + 1 )  /  ( ( 3 *
n + 1 )  *  ( 3 * n + 2 ) ) ;
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That is, the series is:
B ( t , z )  =  S u m ( S u m ( C F _ B  *  t ^ n * z ^ k ,  k = 0 . . n - 1 ) ,  n = 0 . . i n f i n i t y ) ;

K
K K

We want to prove that this series is an algebraic series, solution of the 
polynomial:

P _ m o d  : =  c o l l e c t ( s u b s ( z = z + 1 ,  P ) ,  X ,  f a c t o r ) ;
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Let us first check that there is no mistake in the posed problem.
N  : =  2 0 :
ser_B :=  add(add(CF_B*z^k* t^n ,  k=0 . .n -1 ) ,  n=0 . .N) ;
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i n f i n i t y ) ;

First step: compute a recurrence relation on the 
coefficients b[n](z) of the solution B(t,z) of P(t,z+1,
X ) .
The gfun package is now classic. We use it to transform the polynomial 
equation into a differential equation, then into a recurrence equation on the
coefficients with respect to t of any series solution.

w i t h ( g f u n ) ;

deq_B :=  a lgeqtodi f feq(P_mod,  X( t ) ) ;
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c o l l e c t ( d e q _ B ,  { d i f f ,  f } ,  f a c t o r ) ;
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nops(expand(deq_B));
8 3

s y s _ B  : =  d i f f e q t o r e c ( d e q _ B ,  X ( t ) ,  b ( n ) ) ;
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rec_B :=  co l lec t (op ( remove( type ,  sys_B,  equat ion ) ) ,  b ,  
f a c t o r ) ;
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K K

K K

K K K

K K K

K K K

K K

K

To fix ideas, let us numerically verify that this recurrence relation is indeed 
satisfied for a few values of n (from 10 to 15):

s e q ( n o r m a l ( e v a l ( s u b s ( b  =  u n a p p l y ( c o e f f ( s e r _ B ,  t ,  n ) ,  n ) ,  
s u b s ( n = i ,  r e c _ B ) ) ) ) ,  i = 1 0 . . 1 5 ) ;

Second step: compute a recurrence relation on the 
polynomials bb[n](z)  = Sum(CF_B *  z^k,  k=0. .n-1) .



( 1 . 3 . 3 )( 1 . 3 . 3 )

( 1 . 4 . 5 )( 1 . 4 . 5 )

( 1 . 3 . 6 )( 1 . 3 . 6 )

( 1 . 3 . 1 )( 1 . 3 . 1 )

( 1 . 3 . 4 )( 1 . 3 . 4 )

( 1 . 3 . 9 )( 1 . 3 . 9 )

( 2 . 2 . 5 )( 2 . 2 . 5 )

>  >  

( 1 . 1 . 3 )( 1 . 1 . 3 )

( 2 . 2 . 2 )( 2 . 2 . 2 )

( 1 . 2 . 3 )( 1 . 2 . 3 )

( 2 . 1 . 4 )( 2 . 1 . 4 )

( 1 . 2 . 6 )( 1 . 2 . 6 )

( 1 . 2 . 2 )( 1 . 2 . 2 )

( 2 . 3 . 1 )( 2 . 3 . 1 )

We use Zeilberger's algorithm for the computation of sums. On our 
instance, the output is a bit large. It is a pair [T(n,z,sn), C(n,k,z)] consisting 

satisfying a specific recurrence relation (to be provided below).
zb_B := SumTools:-Hypergeometr ic:-Zei lberger(CF_B *  z^k,  n,  
k ,  s n ) :
z b _ B  : =  a p p l y o p ( c o l l e c t ,  1 ,  z b _ B ,  s n ,  f a c t o r ) :
zb_B :=  app lyop( fac tor ,  2 ,  zb_B) ;

K K

K K K K K

K K K

K K K K

K K K K

K K K K K K

K K K

K K K K
K K

K K K

K K

K K

K K

K K



( 1 . 3 . 3 )( 1 . 3 . 3 )

( 1 . 4 . 5 )( 1 . 4 . 5 )

( 1 . 1 . 3 )( 1 . 1 . 3 )

( 2 . 2 . 2 )( 2 . 2 . 2 )

( 1 . 2 . 3 )( 1 . 2 . 3 )

( 1 . 3 . 6 )( 1 . 3 . 6 )

( 1 . 3 . 1 )( 1 . 3 . 1 )

( 2 . 1 . 4 )( 2 . 1 . 4 )

( 1 . 2 . 6 )( 1 . 2 . 6 )

( 1 . 3 . 4 )( 1 . 3 . 4 )

( 1 . 2 . 2 )( 1 . 2 . 2 )

( 1 . 3 . 9 )( 1 . 3 . 9 )

( 2 . 3 . 1 )( 2 . 3 . 1 )

( 2 . 2 . 5 )( 2 . 2 . 5 )

K K K

K

K K

K

K K

K

K K

K K K

K

K K

K

K K

K

K

K K K

K K K

K

K

K K

K K



( 1 . 3 . 3 )( 1 . 3 . 3 )

( 1 . 4 . 5 )( 1 . 4 . 5 )

( 1 . 1 . 3 )( 1 . 1 . 3 )

( 2 . 2 . 2 )( 2 . 2 . 2 )

( 1 . 2 . 3 )( 1 . 2 . 3 )

( 1 . 3 . 6 )( 1 . 3 . 6 )

( 1 . 3 . 1 )( 1 . 3 . 1 )

( 2 . 1 . 4 )( 2 . 1 . 4 )

( 1 . 2 . 6 )( 1 . 2 . 6 )

( 1 . 3 . 4 )( 1 . 3 . 4 )

( 1 . 2 . 2 )( 1 . 2 . 2 )

( 1 . 3 . 9 )( 1 . 3 . 9 )

( 2 . 3 . 1 )( 2 . 3 . 1 )

( 2 . 2 . 5 )( 2 . 2 . 5 )

K

K K

K

K

K K

K K

K K

K K

K

K K

K K K

K

K K

K K

K

K

K K

K K



( 1 . 3 . 3 )( 1 . 3 . 3 )

( 1 . 4 . 5 )( 1 . 4 . 5 )

( 1 . 1 . 3 )( 1 . 1 . 3 )

( 2 . 2 . 2 )( 2 . 2 . 2 )

( 1 . 2 . 3 )( 1 . 2 . 3 )

( 1 . 3 . 6 )( 1 . 3 . 6 )

( 1 . 3 . 1 )( 1 . 3 . 1 )

( 2 . 1 . 4 )( 2 . 1 . 4 )

( 1 . 2 . 6 )( 1 . 2 . 6 )

( 1 . 3 . 4 )( 1 . 3 . 4 )

( 1 . 2 . 2 )( 1 . 2 . 2 )

( 1 . 3 . 9 )( 1 . 3 . 9 )

( 2 . 3 . 1 )( 2 . 3 . 1 )

( 2 . 2 . 5 )( 2 . 2 . 5 )

K K K

K

K K

K K

K K

K

K

K K

K K

K

K K

K

K K K

K

K

K K

K K K

K

K K



( 1 . 3 . 3 )( 1 . 3 . 3 )

( 1 . 4 . 5 )( 1 . 4 . 5 )

( 1 . 3 . 6 )( 1 . 3 . 6 )

( 1 . 3 . 1 )( 1 . 3 . 1 )

( 1 . 3 . 4 )( 1 . 3 . 4 )

( 1 . 3 . 9 )( 1 . 3 . 9 )

( 2 . 2 . 5 )( 2 . 2 . 5 )

( 1 . 1 . 3 )( 1 . 1 . 3 )

( 2 . 2 . 2 )( 2 . 2 . 2 )

( 1 . 2 . 3 )( 1 . 2 . 3 )

( 2 . 1 . 4 )( 2 . 1 . 4 )

( 1 . 2 . 6 )( 1 . 2 . 6 )

( 1 . 2 . 2 )( 1 . 2 . 2 )

( 2 . 3 . 1 )( 2 . 3 . 1 )

K K K

K

K

K K

K K

K

K

K K K

K

K

K

K K

K K

K

K K

K K

K K

K

K K

K



( 1 . 3 . 3 )( 1 . 3 . 3 )

( 1 . 4 . 5 )( 1 . 4 . 5 )

( 1 . 3 . 6 )( 1 . 3 . 6 )

( 1 . 3 . 1 )( 1 . 3 . 1 )

( 1 . 3 . 4 )( 1 . 3 . 4 )

( 1 . 3 . 9 )( 1 . 3 . 9 )

( 2 . 2 . 5 )( 2 . 2 . 5 )

( 1 . 1 . 3 )( 1 . 1 . 3 )

( 2 . 2 . 2 )( 2 . 2 . 2 )

( 1 . 2 . 3 )( 1 . 2 . 3 )

( 2 . 1 . 4 )( 2 . 1 . 4 )

( 1 . 2 . 6 )( 1 . 2 . 6 )

( 1 . 2 . 2 )( 1 . 2 . 2 )

( 2 . 3 . 1 )( 2 . 3 . 1 )

K K

K K K

K

K K

K

K K

K

K

K K K

K K

K

K

K K

K K

K K

K K

K K



( 1 . 3 . 3 )( 1 . 3 . 3 )

( 1 . 4 . 5 )( 1 . 4 . 5 )

( 2 . 3 . 2 )( 2 . 3 . 2 )

>  >  

( 1 . 3 . 6 )( 1 . 3 . 6 )

( 1 . 3 . 1 )( 1 . 3 . 1 )

( 1 . 3 . 4 )( 1 . 3 . 4 )

( 1 . 3 . 9 )( 1 . 3 . 9 )

>  >  

( 2 . 2 . 5 )( 2 . 2 . 5 )

( 1 . 1 . 3 )( 1 . 1 . 3 )

( 2 . 2 . 2 )( 2 . 2 . 2 )

( 1 . 2 . 3 )( 1 . 2 . 3 )

( 2 . 1 . 4 )( 2 . 1 . 4 )

( 1 . 2 . 6 )( 1 . 2 . 6 )

( 1 . 2 . 2 )( 1 . 2 . 2 )

( 2 . 3 . 3 )( 2 . 3 . 3 )

( 2 . 3 . 1 )( 2 . 3 . 1 )

K K

K

K

K K

K K K

K K

K

K

K

K K

K K K K K

K K K K K K K K

K K K

r e c z b _ B  : =  a d d ( c o e f f ( z b _ B [ 1 ] ,  s n ,  i )  *  b b [ n + i , k ] ,  i = 0 . . 2 ) ;
K K

K K K K K

K K K

K K K

K K K K K

K K K K K

K K

K K K K K

This provides the eta[i](n) ; only eta[2](n) is given  in the article:
f o r  i  f r o m  2  t o  0  b y  - 1  d o  e t a [ i ] ( n )  =  c o e f f ( z b _ B [ 1 ] ,  s n ,  i )
od;

K K



( 1 . 3 . 3 )( 1 . 3 . 3 )

( 1 . 4 . 5 )( 1 . 4 . 5 )

( 1 . 3 . 6 )( 1 . 3 . 6 )

( 1 . 3 . 1 )( 1 . 3 . 1 )

( 1 . 3 . 4 )( 1 . 3 . 4 )

( 1 . 3 . 9 )( 1 . 3 . 9 )

( 2 . 2 . 5 )( 2 . 2 . 5 )

>  >  

( 1 . 1 . 3 )( 1 . 1 . 3 )

( 2 . 2 . 2 )( 2 . 2 . 2 )

( 1 . 2 . 3 )( 1 . 2 . 3 )

( 2 . 1 . 4 )( 2 . 1 . 4 )

( 1 . 2 . 6 )( 1 . 2 . 6 )

( 1 . 2 . 2 )( 1 . 2 . 2 )

( 2 . 3 . 3 )( 2 . 3 . 3 )

( 2 . 3 . 4 )( 2 . 3 . 4 )

( 2 . 3 . 1 )( 2 . 3 . 1 )

K K K

K K K

K K K

K K K K

K K K K

K K K K K

K K K

K K K

The algorithm justif ies the following recurrence relation involving a forward
finite operator Delta[k]:

reczb_B =  De l ta [k ] ( fac tor ( zb_B[2 ] /CF_B/z^k )  *  bb [n ,k ] ) ;
K K K

K K K K K

K K K

K K K K

K K K K

K K K K K K

K K

K K K K K K

K K

K K

K K

K K

K K

K K

K K

K

K K

K

K K

K K

K K

K K

K K



( 1 . 3 . 3 )( 1 . 3 . 3 )

( 1 . 4 . 5 )( 1 . 4 . 5 )

( 1 . 3 . 6 )( 1 . 3 . 6 )

( 1 . 3 . 1 )( 1 . 3 . 1 )

( 1 . 3 . 4 )( 1 . 3 . 4 )

( 1 . 3 . 9 )( 1 . 3 . 9 )

( 2 . 2 . 5 )( 2 . 2 . 5 )

( 1 . 1 . 3 )( 1 . 1 . 3 )

( 2 . 2 . 2 )( 2 . 2 . 2 )

( 1 . 2 . 3 )( 1 . 2 . 3 )

( 2 . 1 . 4 )( 2 . 1 . 4 )

( 1 . 2 . 6 )( 1 . 2 . 6 )

( 1 . 2 . 2 )( 1 . 2 . 2 )

( 2 . 3 . 3 )( 2 . 3 . 3 )

( 2 . 3 . 4 )( 2 . 3 . 4 )

( 2 . 3 . 1 )( 2 . 3 . 1 )

K

K K

K K

K K K

K K

K

K

K K

K K

K

K K

K

K

K K

K K

K K

K K

K

K K

K K K

K

K K

K K

K

K

K K

K K

K K K

K



( 1 . 3 . 3 )( 1 . 3 . 3 )

( 1 . 4 . 5 )( 1 . 4 . 5 )

( 1 . 3 . 6 )( 1 . 3 . 6 )

( 1 . 3 . 1 )( 1 . 3 . 1 )

( 1 . 3 . 4 )( 1 . 3 . 4 )

( 1 . 3 . 9 )( 1 . 3 . 9 )

( 2 . 2 . 5 )( 2 . 2 . 5 )

( 1 . 1 . 3 )( 1 . 1 . 3 )

( 2 . 2 . 2 )( 2 . 2 . 2 )

( 1 . 2 . 3 )( 1 . 2 . 3 )

( 2 . 1 . 4 )( 2 . 1 . 4 )

( 1 . 2 . 6 )( 1 . 2 . 6 )

( 1 . 2 . 2 )( 1 . 2 . 2 )

( 2 . 3 . 3 )( 2 . 3 . 3 )

( 2 . 3 . 4 )( 2 . 3 . 4 )

( 2 . 3 . 1 )( 2 . 3 . 1 )

K K

K K

K K

K

K

K K

K K

K

K K

K

K K K

K

K

K K

K K K

K

K K

K K K

K

K

K K

K K

K

K

K K K

K

K

K

K K

K K

K



( 1 . 3 . 3 )( 1 . 3 . 3 )

( 1 . 4 . 5 )( 1 . 4 . 5 )

( 1 . 3 . 6 )( 1 . 3 . 6 )

( 1 . 3 . 1 )( 1 . 3 . 1 )

( 1 . 3 . 4 )( 1 . 3 . 4 )

( 1 . 3 . 9 )( 1 . 3 . 9 )

( 2 . 2 . 5 )( 2 . 2 . 5 )

( 1 . 1 . 3 )( 1 . 1 . 3 )

( 2 . 2 . 2 )( 2 . 2 . 2 )

( 1 . 2 . 3 )( 1 . 2 . 3 )

( 2 . 1 . 4 )( 2 . 1 . 4 )

( 1 . 2 . 6 )( 1 . 2 . 6 )

( 1 . 2 . 2 )( 1 . 2 . 2 )

( 2 . 3 . 3 )( 2 . 3 . 3 )

( 2 . 3 . 4 )( 2 . 3 . 4 )

( 2 . 3 . 1 )( 2 . 3 . 1 )

K K

K K

K K

K

K K

K

K K

K K K

K

K K

K

K K

K

K

K K K

K K

K

K

K K

K K

K K

K K

K K

K K

K

K

K K

K K K



>  >  

( 1 . 3 . 3 )( 1 . 3 . 3 )

( 1 . 4 . 5 )( 1 . 4 . 5 )

( 1 . 3 . 6 )( 1 . 3 . 6 )

( 1 . 3 . 1 )( 1 . 3 . 1 )

( 1 . 3 . 4 )( 1 . 3 . 4 )

( 1 . 3 . 9 )( 1 . 3 . 9 )

( 2 . 2 . 5 )( 2 . 2 . 5 )

( 2 . 3 . 5 )( 2 . 3 . 5 )

( 1 . 1 . 3 )( 1 . 1 . 3 )

( 2 . 2 . 2 )( 2 . 2 . 2 )

( 2 . 3 . 6 )( 2 . 3 . 6 )

( 1 . 2 . 3 )( 1 . 2 . 3 )

>  >  

( 2 . 1 . 4 )( 2 . 1 . 4 )

( 1 . 2 . 6 )( 1 . 2 . 6 )

( 1 . 2 . 2 )( 1 . 2 . 2 )

( 2 . 3 . 3 )( 2 . 3 . 3 )

( 2 . 3 . 4 )( 2 . 3 . 4 )

( 2 . 3 . 1 )( 2 . 3 . 1 )

K K

K

K

K

K K

K K K

K K K K K K K

K K K K K K

The set of poles to be avoided in the (ommitted) summation argument in the
article is the following.

Z =  {so lve (denom(zb_B[2 ] ) ,  k ) } ;

We apply sound creative telescoping. Here, this justifies a homogeneous 
recurrence relation, not shown in the article:

rhs  =  co l lect (expand(subs(k=n-1 ,  zb_B[2] )  -  subs(k=-1 ,  zb_B
[ 2 ] )  +  a d d ( c o e f f ( z b _ B [ 1 ] ,  s n ,  i )  *  a d d ( s u b s ( n  =  n + i ,  k = n + j ,  
C F _ B  *  z ^ k ) ,  j = - 1 . . i ) ,  i = 0 . . 2 ) ) ,  b i n o m i a l ,  f a c t o r ) ;

K

K K

K K K K

K K K K

K K K K K

K K K K 1

K K K

K K K
K

K 1

K K

K K K K 1



( 1 . 3 . 3 )( 1 . 3 . 3 )

( 2 . 3 . 7 )( 2 . 3 . 7 )

( 1 . 4 . 5 )( 1 . 4 . 5 )

( 1 . 3 . 6 )( 1 . 3 . 6 )

( 1 . 3 . 1 )( 1 . 3 . 1 )

( 1 . 3 . 4 )( 1 . 3 . 4 )

( 1 . 3 . 9 )( 1 . 3 . 9 )

( 2 . 2 . 5 )( 2 . 2 . 5 )

( 1 . 1 . 3 )( 1 . 1 . 3 )

( 2 . 2 . 2 )( 2 . 2 . 2 )

( 2 . 3 . 6 )( 2 . 3 . 6 )

( 1 . 2 . 3 )( 1 . 2 . 3 )

( 2 . 1 . 4 )( 2 . 1 . 4 )

( 1 . 2 . 6 )( 1 . 2 . 6 )

>  >  

( 1 . 2 . 2 )( 1 . 2 . 2 )

( 2 . 3 . 3 )( 2 . 3 . 3 )

( 2 . 3 . 4 )( 2 . 3 . 4 )

( 2 . 3 . 1 )( 2 . 3 . 1 )

K

K K K

K K

K K K

K

K K

K

K K

K K

K K

K K

K K K

K

K K

K
K 1

s u b s ( s e q ( b i n o m i a l ( e , - 1 )  =  0 ,  e = [ n - 1 , n , n + 1 ] ) ,  % ) ;



>  >  

( 1 . 3 . 3 )( 1 . 3 . 3 )

( 1 . 4 . 5 )( 1 . 4 . 5 )

>  >  

( 1 . 3 . 6 )( 1 . 3 . 6 )

>  >  

( 1 . 3 . 1 )( 1 . 3 . 1 )

( 1 . 3 . 4 )( 1 . 3 . 4 )

( 2 . 4 . 3 )( 2 . 4 . 3 )

>  >  

( 1 . 3 . 9 )( 1 . 3 . 9 )

( 2 . 3 . 9 )( 2 . 3 . 9 )

( 2 . 4 . 1 )( 2 . 4 . 1 )

( 2 . 2 . 5 )( 2 . 2 . 5 )

( 2 . 4 . 2 )( 2 . 4 . 2 )

( 1 . 1 . 3 )( 1 . 1 . 3 )

( 2 . 2 . 2 )( 2 . 2 . 2 )

( 2 . 3 . 6 )( 2 . 3 . 6 )

( 1 . 2 . 3 )( 1 . 2 . 3 )

( 2 . 1 . 4 )( 2 . 1 . 4 )

( 1 . 2 . 6 )( 1 . 2 . 6 )

( 1 . 2 . 2 )( 1 . 2 . 2 )

( 2 . 3 . 3 )( 2 . 3 . 3 )

( 2 . 3 . 4 )( 2 . 3 . 4 )

>  >  

( 2 . 3 . 8 )( 2 . 3 . 8 )

( 2 . 3 . 1 )( 2 . 3 . 1 )

We can also validate numerically that the recurrence is satisfied for a few 
values of n (in the range 10 to 15):

seq(norma l (eva l (subs (bb  =  unapp ly (coe f f (se r_B ,  t ,  n ) ,  n ) ,  
s u b s ( s e q ( b b [ n + j , k ]  =  b b ( n + j , k ) ,  j = 0 . . 2 ) ,  n = i ,  r e c z b _ B ) ) ) ) ,  
i = 1 0 . . 1 5 ) ;

So we have justified the following recurrence relation:
r e c 2 _ B  : =  s u b s ( s e q ( b b [ n + i , k ]  =  b b ( n + i ) ,  i = 0 . . 2 ) ,  r e c z b _ B ) ;

K K

K K K K K

K K K

K K K

K K K K K

K K K K K

K K

K K K K K

Third step: compute a common recurrence relation 
for b[n](z)  and bb[n](z) ,  and conclude.
We proceed to prove the equality between the solution b[n](z) of a fourth-
order recurrence equation and the solution bb[n](z) of a second-order 
recurrence equation.

indets ( rec_B) ;

indets ( rec2_B) ;

To this end, we first derive a common recurrence relation, which is a 
relation satisfied by any linear combination with constant coefficients of the 
two sequences. It wil l in particular be valid for b(n) = b(n) + 0 and for bb(n)
= 0 + bb(n). The syntax of `rec+rec` uses the same name for all input and 
output equations.

rec lc lm_B :=  co l lec t ( ` rec+rec` ( rec_B,  subs(bb=b,  rec2_B) ,  b
( n ) ) ,  b ,  f a c t o r ) ;

K K

K K

K K

K K K K

K K

K K K K



( 2 . 4 . 6 )( 2 . 4 . 6 )

( 1 . 3 . 3 )( 1 . 3 . 3 )

( 1 . 4 . 5 )( 1 . 4 . 5 )

>  >  

( 2 . 4 . 5 )( 2 . 4 . 5 )

( 1 . 3 . 6 )( 1 . 3 . 6 )

( 1 . 3 . 1 )( 1 . 3 . 1 )

( 1 . 3 . 4 )( 1 . 3 . 4 )

( 2 . 4 . 3 )( 2 . 4 . 3 )

( 1 . 3 . 9 )( 1 . 3 . 9 )

( 3 . 2 )( 3 . 2 )

>  >  

( 2 . 2 . 5 )( 2 . 2 . 5 )

( 1 . 1 . 3 )( 1 . 1 . 3 )

( 2 . 2 . 2 )( 2 . 2 . 2 )

( 2 . 3 . 6 )( 2 . 3 . 6 )

( 1 . 2 . 3 )( 1 . 2 . 3 )

( 2 . 4 . 4 )( 2 . 4 . 4 )

( 2 . 1 . 4 )( 2 . 1 . 4 )

( 3 . 1 )( 3 . 1 )

( 1 . 2 . 6 )( 1 . 2 . 6 )

( 1 . 2 . 2 )( 1 . 2 . 2 )

( 2 . 3 . 3 )( 2 . 3 . 3 )

( 2 . 3 . 4 )( 2 . 3 . 4 )

>  >  

>  >  

>  >  

( 2 . 3 . 1 )( 2 . 3 . 1 )

K K

K K

K K K

K K K

K K K

K K

K

It turns out that this is the already known fourth-order equation. This is just
by coincidence, and it would in general have a higher order.

rec_B -  rec lc lm_B;
0

The recurrence can be unrolled over all natural integers, as its leading 
coefficient has no nonnegative integer root.

s o l v e ( c o e f f ( r e c l c l m _ B ,  b ( n + 4 ) ) ,  n ) ;

K 5 K K

So the solution to the recurrence is identified by its first 4 terms, and to end
the proof, it is sufficient to compare enough initial conditions.

f o r  i  f r o m  0  t o  3  d o
    c o e f f ( s e r _ B ,  t ,  i )  =  e v a l ( a d d ( s u b s ( n = i ,  k = j ,  C F _ B * z ^ k ) ,  
j = 0 . . i - 1 ) )
od;

[4.3 Proposition 16 and Proposition 17 by 
creative telescoping]
Here, we prove Proposition 17, which states that the sum of

s  : =  b i n o m i a l ( n + 1 , l + 2 ) * b i n o m i a l ( r , l ) * b i n o m i a l ( l , k ) ;

i s
c l o s e d _ f o r m  : =  n * ( n + 1 ) / ( r + 1 ) / ( r + 2 )  *  b i n o m i a l ( n - 1 , k )  *  
b inomial ( r+n+1-k ,n+1) ;

K K



( 1 . 3 . 3 )( 1 . 3 . 3 )

>  >  

( 1 . 4 . 5 )( 1 . 4 . 5 )

( 3 . 8 )( 3 . 8 )

( 3 . 6 )( 3 . 6 )

>  >  

( 3 . 4 )( 3 . 4 )

>  >  

( 2 . 4 . 3 )( 2 . 4 . 3 )

( 1 . 3 . 9 )( 1 . 3 . 9 )

( 2 . 2 . 5 )( 2 . 2 . 5 )

( 3 . 1 0 )( 3 . 1 0 )

>  >  

( 2 . 3 . 6 )( 2 . 3 . 6 )

>  >  

( 2 . 1 . 4 )( 2 . 1 . 4 )

>  >  

( 1 . 2 . 2 )( 1 . 2 . 2 )

( 3 . 9 )( 3 . 9 )

( 1 . 3 . 6 )( 1 . 3 . 6 )

( 1 . 3 . 1 )( 1 . 3 . 1 )

>  >  

( 1 . 3 . 4 )( 1 . 3 . 4 )

>  >  

( 1 . 1 . 3 )( 1 . 1 . 3 )

( 2 . 2 . 2 )( 2 . 2 . 2 )

( 1 . 2 . 3 )( 1 . 2 . 3 )

>  >  

( 1 . 2 . 6 )( 1 . 2 . 6 )

( 3 . 7 )( 3 . 7 )

( 2 . 3 . 3 )( 2 . 3 . 3 )

( 2 . 3 . 4 )( 2 . 3 . 4 )

( 3 . 5 )( 3 . 5 )

( 2 . 3 . 1 )( 2 . 3 . 1 )

( 3 . 3 )( 3 . 3 )

that is,
Sum(s ,  l=k . .n -1 )  =  c losed_form;

K
K K

Reusing the plain Maple command provides a recurrence with respect to k, 
considering r as a free parameter.

zbs  :=  SumTools : -Hypergeometr ic : -Ze i lberger (s ,  k ,  l ,  sk ) ;

K K K K

K

c o l l e c t ( z b s [ 1 ] ,  s k ,  f a c t o r ) ;
K K K K K K K

The certificate introduces no pole, so the summation step of creative 
telescoping is sound.

norma l ( zbs [2 ] / s ) ;
K

Fixing the constant in the identity to be proved amount to verifying the 
fol lowing equality:

subs(k=n-1 ,  l=n-1 ,  s )  =  subs(k=n-1 ,  c losed_form) ;

K
K
K

K
K

normal(subs(n=n+1, %), expanded);

We can get more recurrences, that is, also recurrences with respect to r, by 
the more general command in the package Mgfun. The notation of the output 
is different.

with(Mgfun);

c t s  : =  c r e a t i v e _ t e l e s c o p i n g ( s ,  [ n : : s h i f t ,  k : : s h i f t ,  r : : s h i f t ] ,
[ l : : s h i f t ] ) :
m a p ( q  - >  c o l l e c t ( q [ 1 ] ,  _ F ,  f a c t o r ) ,  c t s ) ;
K K K K

K K K K

K K K K K

The obtained certificates also have no poles.



( 1 . 3 . 3 )( 1 . 3 . 3 )

>  >  

( 1 . 4 . 5 )( 1 . 4 . 5 )

( 4 . 1 )( 4 . 1 )

>  >  

( 3 . 1 3 )( 3 . 1 3 )

( 2 . 4 . 3 )( 2 . 4 . 3 )

>  >  

( 1 . 3 . 9 )( 1 . 3 . 9 )

>  >  

( 2 . 2 . 5 )( 2 . 2 . 5 )

( 3 . 1 6 )( 3 . 1 6 )

( 2 . 3 . 6 )( 2 . 3 . 6 )

( 2 . 1 . 4 )( 2 . 1 . 4 )

( 1 . 2 . 2 )( 1 . 2 . 2 )

>  >  

( 3 . 1 2 )( 3 . 1 2 )

( 1 . 3 . 6 )( 1 . 3 . 6 )

( 1 . 3 . 1 )( 1 . 3 . 1 )

( 3 . 1 1 )( 3 . 1 1 )

( 1 . 3 . 4 )( 1 . 3 . 4 )

>  >  

( 3 . 1 5 )( 3 . 1 5 )

>  >  

>  >  

( 1 . 1 . 3 )( 1 . 1 . 3 )

( 2 . 2 . 2 )( 2 . 2 . 2 )

( 1 . 2 . 3 )( 1 . 2 . 3 )

( 3 . 1 4 )( 3 . 1 4 )

( 3 . 1 7 )( 3 . 1 7 )

>  >  

( 1 . 2 . 6 )( 1 . 2 . 6 )

( 2 . 3 . 3 )( 2 . 3 . 3 )

( 2 . 3 . 4 )( 2 . 3 . 4 )

( 2 . 3 . 1 )( 2 . 3 . 1 )

map(q  ->  f ac to r (denom(q [2 ] ) ) ,  c ts ) ;
K K K

The proof for Proposition 16 is the same with r replace by 3*n. We do the 
calculations with fewer comments.

s 2  : =  2 * b i n o m i a l ( n + 1 , l + 2 ) * b i n o m i a l ( 3 * n , l ) * b i n o m i a l ( l , k ) / n /
( n + 1 ) ;

zbs2  :=  SumTools : -Hypergeometr ic : -Ze i lberger (s2 ,  k ,  l ,  sk ) ;

K K K K

K

c o l l e c t ( z b s 2 [ 1 ] ,  s k ,  f a c t o r ) ;
K K K K K K

normal (zbs2[2 ] /s2 ) ;
K

c t s 2  : =  c r e a t i v e _ t e l e s c o p i n g ( s 2 ,  [ n : : s h i f t ,  k : : s h i f t ] ,  
[ l : : s h i f t ] ) :
m a p ( q  - >  c o l l e c t ( q [ 1 ] ,  _ F ,  f a c t o r ) ,  c t s 2 ) ;

K K K K K K K K

K K K K K K

K K K K

K K

map(q  ->  fac to r (denom(q[2 ] ) ) ,  c ts2 ) ;
K K K K K K K

[5 Solving a holonomic recurrence system]
It is conceptually tempting to avoid recurrence equations and the 
technicalities induced by their domains of validity in the proof of the previous 
section. A solution might be to discuss only generating series and their 
differential equations.
To this end, we use a package by one of the authors for the initial calculation. 
The command creative_telescoping in the Mgfun package is a possible 
replacement of SumTools:-Hypergeometric:-Zeilberger used for summation in 
the previous section.

with(Mgfun);



( 1 . 3 . 3 )( 1 . 3 . 3 )

( 1 . 4 . 5 )( 1 . 4 . 5 )

( 4 . 1 )( 4 . 1 )

>  >  

( 1 . 3 . 6 )( 1 . 3 . 6 )

( 1 . 3 . 1 )( 1 . 3 . 1 )

( 3 . 1 1 )( 3 . 1 1 )

( 1 . 3 . 4 )( 1 . 3 . 4 )

( 2 . 4 . 3 )( 2 . 4 . 3 )

( 1 . 3 . 9 )( 1 . 3 . 9 )

( 2 . 2 . 5 )( 2 . 2 . 5 )

( 4 . 2 )( 4 . 2 )

( 1 . 1 . 3 )( 1 . 1 . 3 )

( 2 . 2 . 2 )( 2 . 2 . 2 )

( 2 . 3 . 6 )( 2 . 3 . 6 )

( 1 . 2 . 3 )( 1 . 2 . 3 )

( 2 . 1 . 4 )( 2 . 1 . 4 )

( 1 . 2 . 6 )( 1 . 2 . 6 )

( 1 . 2 . 2 )( 1 . 2 . 2 )

( 2 . 3 . 3 )( 2 . 3 . 3 )

( 2 . 3 . 4 )( 2 . 3 . 4 )

>  >  

( 2 . 3 . 1 )( 2 . 3 . 1 )

Here, we use the command dfinite_expr_to_sys that computes a system of 
linear functional equations for some d-finite (occasionally holonomic) 
expression. The output system has to be considered as having coefficients in 
the field Q(t,z).

dsysro_A :=  col lect (df in i te_expr_to_sys(RootOf (P ,  X) ,  A
( t : : d i f f ,  z : : d i f f ) ) ,  { A ,  d i f f } ,  f a c t o r ) ;

K K K

K K K

K K

K K K

K K

K K K K

K K K

K K

K K K K

K K

K K K K

K K K K

K K K K

K K K K K

K K K K

K K



( 1 . 3 . 3 )( 1 . 3 . 3 )

( 1 . 4 . 5 )( 1 . 4 . 5 )

( 4 . 1 )( 4 . 1 )

( 4 . 5 )( 4 . 5 )

( 4 . 3 )( 4 . 3 )

( 1 . 3 . 6 )( 1 . 3 . 6 )

( 1 . 3 . 1 )( 1 . 3 . 1 )

( 3 . 1 1 )( 3 . 1 1 )

( 1 . 3 . 4 )( 1 . 3 . 4 )

( 2 . 4 . 3 )( 2 . 4 . 3 )

( 4 . 6 )( 4 . 6 )

>  >  

( 1 . 3 . 9 )( 1 . 3 . 9 )

>  >  

( 2 . 2 . 5 )( 2 . 2 . 5 )

( 4 . 2 )( 4 . 2 )

>  >  

( 1 . 1 . 3 )( 1 . 1 . 3 )

( 2 . 2 . 2 )( 2 . 2 . 2 )

( 2 . 3 . 6 )( 2 . 3 . 6 )

( 1 . 2 . 3 )( 1 . 2 . 3 )

( 2 . 1 . 4 )( 2 . 1 . 4 )

( 1 . 2 . 6 )( 1 . 2 . 6 )

( 1 . 2 . 2 )( 1 . 2 . 2 )

>  >  

( 2 . 3 . 3 )( 2 . 3 . 3 )

( 2 . 3 . 4 )( 2 . 3 . 4 )

>  >  

( 4 . 4 )( 4 . 4 )

( 2 . 3 . 1 )( 2 . 3 . 1 )

K K K K K

K K

The structure of related derivatives is more apparent in the following outputs.
map(indets,  dsysro_A);

indets(dsysro_A);

The linear PDEs have underlying linear differential operators in the 
noncommutative (Weyl) algebra Q<t,z,dt,dz; dt*t = t*dt+1, dz*z = z*dz+1>. 
They are the generators of some left ideal there.

G r o _ A  : =  s u b s ( [ s e q ( s e q ( d i f f ( A ( t , z ) ,  [ t $ i , z $ j ] )  =  d t ^ i * d z ^ j ,  j =
0 . . 3 ) ,  i = 0 . . 3 ) ] ,  d s y s r o _ A ) ;

K K K K K

K K K K K

K K K K K K

K K K K

K K K K

K K K K

K K K

K K K

K K K

K K K

K K K

K K

K K K

K K K K

K K K K

K K

m a p ( d e g r e e ,  c o n v e r t ( G r o _ A ,  l i s t ) ,  { t , z } ) ;



( 1 . 3 . 3 )( 1 . 3 . 3 )

>  >  

( 1 . 4 . 5 )( 1 . 4 . 5 )

( 4 . 1 )( 4 . 1 )

>  >  

>  >  

>  >  

( 4 . 1 0 )( 4 . 1 0 )

( 2 . 4 . 3 )( 2 . 4 . 3 )

( 1 . 3 . 9 )( 1 . 3 . 9 )

( 2 . 2 . 5 )( 2 . 2 . 5 )

( 2 . 3 . 6 )( 2 . 3 . 6 )

>  >  

( 2 . 1 . 4 )( 2 . 1 . 4 )

( 4 . 8 )( 4 . 8 )

>  >  

( 1 . 2 . 2 )( 1 . 2 . 2 )

>  >  

( 1 . 3 . 6 )( 1 . 3 . 6 )

>  >  

( 1 . 3 . 1 )( 1 . 3 . 1 )

( 3 . 1 1 )( 3 . 1 1 )

( 1 . 3 . 4 )( 1 . 3 . 4 )

( 4 . 6 )( 4 . 6 )

( 4 . 1 2 )( 4 . 1 2 )

( 4 . 2 )( 4 . 2 )

( 1 . 1 . 3 )( 1 . 1 . 3 )

( 2 . 2 . 2 )( 2 . 2 . 2 )

( 1 . 2 . 3 )( 1 . 2 . 3 )

( 4 . 1 1 )( 4 . 1 1 )

>  >  

( 4 . 7 )( 4 . 7 )

( 1 . 2 . 6 )( 1 . 2 . 6 )

( 4 . 9 )( 4 . 9 )

( 4 . 1 3 )( 4 . 1 3 )

( 2 . 3 . 3 )( 2 . 3 . 3 )

>  >  

( 2 . 3 . 4 )( 2 . 3 . 4 )

>  >  

( 2 . 3 . 1 )( 2 . 3 . 1 )

map(degree ,  conver t (Gro_A,  l is t ) ) ;

Computing with the left ideal is done with the packages Ore_algebra and 
Groebner.

with(Ore_algebra) ;

w A l g  : =  d i f f _ a l g e b r a ( [ d t , t ] ,  [ d z , z ] ,  p o l y n o m = { t , z } ) :
with(Groebner);

wMOrd := MonomialOrder(wAlg,  tdeg(dt ,dz, t ,z) ) :
To test holonomy of the left ideal, we compute a Gröbner basis of it for a total-
degree ordering, in order to get its (Bernstein) dimension. In other words, we 
determine whether we have a holonomic presentation of the d-finite function A
(t,z).

Bro_A := Basis(Gro_A, wMOrd):
The following dimension equal to 2 is precisely the definition of holonomy. 
Having holonomy, more precisely a holonomic presentation, if very precious 
for the calculations to come.

HilbertDimension(Bro_A, wMOrd);
2

map(indets,  Bro_A);

map(LeadingMonomial, Bro_A, wMOrd);

map(degree,  Bro_A,  dt ) ;



( 1 . 3 . 3 )( 1 . 3 . 3 )

( 1 . 4 . 5 )( 1 . 4 . 5 )

>  >  

( 4 . 1 )( 4 . 1 )

( 4 . 1 8 )( 4 . 1 8 )

( 2 . 4 . 3 )( 2 . 4 . 3 )

( 1 . 3 . 9 )( 1 . 3 . 9 )

>  >  

>  >  
>  >  

( 4 . 1 7 )( 4 . 1 7 )

( 2 . 2 . 5 )( 2 . 2 . 5 )

>  >  

( 2 . 3 . 6 )( 2 . 3 . 6 )

( 2 . 1 . 4 )( 2 . 1 . 4 )

>  >  

( 1 . 2 . 2 )( 1 . 2 . 2 )

>  >  

>  >  

>  >  

( 4 . 1 4 )( 4 . 1 4 )

( 1 . 3 . 6 )( 1 . 3 . 6 )

( 1 . 3 . 1 )( 1 . 3 . 1 )

( 4 . 1 5 )( 4 . 1 5 )

( 3 . 1 1 )( 3 . 1 1 )

( 1 . 3 . 4 )( 1 . 3 . 4 )

( 4 . 6 )( 4 . 6 )

>  >  

( 4 . 2 )( 4 . 2 )

>  >  

( 4 . 1 9 )( 4 . 1 9 )

( 1 . 1 . 3 )( 1 . 1 . 3 )

( 2 . 2 . 2 )( 2 . 2 . 2 )

( 1 . 2 . 3 )( 1 . 2 . 3 )

>  >  

( 1 . 2 . 6 )( 1 . 2 . 6 )

( 2 . 3 . 3 )( 2 . 3 . 3 )

( 2 . 3 . 4 )( 2 . 3 . 4 )

( 4 . 1 6 )( 4 . 1 6 )

( 2 . 3 . 1 )( 2 . 3 . 1 )

map(degree,  Bro_A, dz);

The Weyl algebra can be localized by inverting t and z (not all nonzero 
polynomials). The obtained algebra is in bijection with the algebra Q<sn,tn,sk,
tk,n,k; sn*n = (n+1)*sn, sk*k = (k+1)sk, sn*tn = 1, sk*tk = 1>, where tn is an 
inverse for sn and tk is an inverse for sk.

s A l g  : =  s k e w _ a l g e b r a ( ` s h i f t + d u a l _ s h i f t ` = [ s n , t n , n ] ,  ` s h i f t +
d u a l _ s h i f t ` = [ s k , t k , k ] ,  p o l y n o m = { n , k } ) :

A good property is that recurrence relations obtained by the following 
conversion are valid without any special proof for any relative integers n and k
in Z. They hold on the bivariate coefficient sequence of A(t,z).

c o n v  : =  p r o c ( L ,  $ )  l o c a l  i , j ;
    r e tu rn  add(add(skew_product (subs ( t= tn ,  z= tk ,  coe f f (coe f f (L ,
d z ,  j ) ,  d t ,  i ) ) ,  e x p a n d ( s k e w _ p o w e r ( ( n + 1 ) * s n ,  i ,  s A l g )  *  
s k e w _ p o w e r ( ( k + 1 ) * s k ,  j ,  s A l g ) ) ,  s A l g ) ,  j = 0 . . d e g r e e ( L , d z ) ) ,  i = 0 .
. d e g r e e ( L , d t ) )
end:
Gro_A_rec :=  [op(expand(map(conv,  Bro_A)) ) ,  sn* tn-1 ,  sk* tk-1] :
sMOrd :=  Monomia lOrder (sAlg ,  lexdeg( [sn , tn ,sk , tk ] , [n ,k ] ) ) :
N  : =  5 :
s o r t ( [ s e q ( s n ^ i * s k ^ ( N - i ) ,  i = 0 . . N ) ,  s e q ( s n ^ i * t k ^ ( N - i ) ,  i = 0 . . N - 1 ) ,
s e q ( t n ^ i * s k ^ ( N - i ) ,  i = 1 . . N ) ,  s e q ( t n ^ i * t k ^ ( N - i ) ,  i = 1 . . N - 1 ) ] ,  ( u ,
v )  - >  T e s t O r d e r ( u ,  v ,  l e x d e g ( [ s n , t n , s k , t k ] , [ n , k ] ) ) ) ;

map(m ->  map2(degree ,  m,  [sn , tn ,sk , tk ] ) ,  %) ;

With the choice of an algebra in which n and k are polynomial variables, the 
following calculation of a Gröbner basis only considers equations valid over 
the same (and whole) domain, that is, only equations valid for n and k in Z.

Bro_A_rec := Basis(Gro_A_rec, sMOrd):
map(LeadingMonomial, Bro_A_rec, sMOrd);

map(length, Bro_A_rec);

The following is a usual hack to see the supports of the skew polynomials as 
operators in sn, tn, sk, tk.

c o l l e c t ( B r o _ A _ r e c ,  { s n , t n , s k , t k } ,  d i s t r i b u t e d ,  1 ) ;



( 1 . 3 . 3 )( 1 . 3 . 3 )

( 1 . 4 . 5 )( 1 . 4 . 5 )

( 4 . 1 )( 4 . 1 )

( 4 . 1 4 )( 4 . 1 4 )

( 4 . 2 0 )( 4 . 2 0 )

( 1 . 3 . 6 )( 1 . 3 . 6 )

( 1 . 3 . 1 )( 1 . 3 . 1 )

( 3 . 1 1 )( 3 . 1 1 )

( 1 . 3 . 4 )( 1 . 3 . 4 )

( 2 . 4 . 3 )( 2 . 4 . 3 )

( 4 . 6 )( 4 . 6 )

( 1 . 3 . 9 )( 1 . 3 . 9 )

( 2 . 2 . 5 )( 2 . 2 . 5 )

>  >  

( 4 . 2 )( 4 . 2 )

( 4 . 1 9 )( 4 . 1 9 )

( 1 . 1 . 3 )( 1 . 1 . 3 )

( 2 . 2 . 2 )( 2 . 2 . 2 )

( 2 . 3 . 6 )( 2 . 3 . 6 )

( 1 . 2 . 3 )( 1 . 2 . 3 )

( 2 . 1 . 4 )( 2 . 1 . 4 )

>  >  

( 1 . 2 . 6 )( 1 . 2 . 6 )

( 1 . 2 . 2 )( 1 . 2 . 2 )

( 2 . 3 . 3 )( 2 . 3 . 3 )

( 2 . 3 . 4 )( 2 . 3 . 4 )

>  >  

( 2 . 3 . 1 )( 2 . 3 . 1 )

c o l l e c t ( B r o _ A _ r e c ,  { s n , t n , s k , t k } ,  d i s t r i b u t e d ,  f a c t o r ) ;
K K K K K K

K K K K K K

K K K K K K K

K K K K K

K K K K

K K K K K

K K K K

K K K K K K K

K K

K K K K K

K K K K

K K K K K

K K K K

K K K K

K K K K K

K K K

K K K K

K

K K K K K

K K K

K K K K

K K K K

K K K K

K K

K K K K K

K K K K

K K

K K K K K

K K K K K K

K K K K K K K K



( 1 . 3 . 3 )( 1 . 3 . 3 )

( 1 . 4 . 5 )( 1 . 4 . 5 )

( 4 . 1 )( 4 . 1 )

( 4 . 2 0 )( 4 . 2 0 )

( 2 . 4 . 3 )( 2 . 4 . 3 )

( 1 . 3 . 9 )( 1 . 3 . 9 )

( 2 . 2 . 5 )( 2 . 2 . 5 )

( 2 . 3 . 6 )( 2 . 3 . 6 )

( 2 . 1 . 4 )( 2 . 1 . 4 )

( 1 . 2 . 2 )( 1 . 2 . 2 )

>  >  

( 4 . 2 1 )( 4 . 2 1 )

( 4 . 1 4 )( 4 . 1 4 )

( 1 . 3 . 6 )( 1 . 3 . 6 )

( 1 . 3 . 1 )( 1 . 3 . 1 )

( 3 . 1 1 )( 3 . 1 1 )

( 1 . 3 . 4 )( 1 . 3 . 4 )

( 4 . 6 )( 4 . 6 )

>  >  

( 4 . 2 )( 4 . 2 )

( 4 . 1 9 )( 4 . 1 9 )

>  >  

( 1 . 1 . 3 )( 1 . 1 . 3 )

( 2 . 2 . 2 )( 2 . 2 . 2 )

( 1 . 2 . 3 )( 1 . 2 . 3 )

( 1 . 2 . 6 )( 1 . 2 . 6 )

( 2 . 3 . 3 )( 2 . 3 . 3 )

( 2 . 3 . 4 )( 2 . 3 . 4 )

( 2 . 3 . 1 )( 2 . 3 . 1 )

K K K K K

K K K K

K K

K K K K

K K K

K K K K

K K K K K

K K K

K K K K

K K K

K

K K

K

These operators denote the following recurrence equations (with a few 
tautologies describing the structure of the algebra, not properties of the 
specific sequence):

f o r  q  i n  B r o _ A _ r e c  d o  a p p l y o p r ( c o l l e c t ( q ,  { s n , t n , s k , t k } ,  
d i s t r i b u t e d ,  f a c t o r ) ,  a ( n , k ) ,  s A l g )  =  0  o d ;

K K K K K

K K K

K K K K K

K K K K

K K K K K

K K K K K

K

K K K K K

K K K K

K K

K K K K K

K K K K K K K K

K K K K

K K K K K K K

K K K K K

K K K K K

K K



( 1 . 3 . 3 )( 1 . 3 . 3 )

( 1 . 4 . 5 )( 1 . 4 . 5 )

( 4 . 2 1 )( 4 . 2 1 )

( 4 . 1 )( 4 . 1 )

( 4 . 1 4 )( 4 . 1 4 )

( 4 . 2 0 )( 4 . 2 0 )

( 1 . 3 . 6 )( 1 . 3 . 6 )

( 1 . 3 . 1 )( 1 . 3 . 1 )

( 3 . 1 1 )( 3 . 1 1 )

( 1 . 3 . 4 )( 1 . 3 . 4 )

( 2 . 4 . 3 )( 2 . 4 . 3 )

( 4 . 6 )( 4 . 6 )

( 1 . 3 . 9 )( 1 . 3 . 9 )

( 2 . 2 . 5 )( 2 . 2 . 5 )

>  >  

( 4 . 2 )( 4 . 2 )

( 4 . 1 9 )( 4 . 1 9 )

( 1 . 1 . 3 )( 1 . 1 . 3 )

( 2 . 2 . 2 )( 2 . 2 . 2 )

( 2 . 3 . 6 )( 2 . 3 . 6 )

( 1 . 2 . 3 )( 1 . 2 . 3 )

( 2 . 1 . 4 )( 2 . 1 . 4 )

( 1 . 2 . 6 )( 1 . 2 . 6 )

( 1 . 2 . 2 )( 1 . 2 . 2 )

( 2 . 3 . 3 )( 2 . 3 . 3 )

( 2 . 3 . 4 )( 2 . 3 . 4 )

>  >  

( 2 . 3 . 1 )( 2 . 3 . 1 )

K K K K

K K

K K K

K K

K K

K K K K K K

K K K K

K K K K

K K K K K

K K

K K K K

K K K

K K K K

K K K

K K K

K K K

K K K K K K K

K K K K K K K K

K K K K K K

K K K K K

K K K

K

K K K K

K K K K K

K K K K K

K K K K K K K

K K

K K

K

K K K

K K K K

K K K K K

K K K K K

K K K K K



( 1 . 3 . 3 )( 1 . 3 . 3 )

( 1 . 4 . 5 )( 1 . 4 . 5 )

( 4 . 1 )( 4 . 1 )

( 4 . 2 8 )( 4 . 2 8 )

( 4 . 2 6 )( 4 . 2 6 )

( 4 . 2 0 )( 4 . 2 0 )

>  >  

( 2 . 4 . 3 )( 2 . 4 . 3 )

( 1 . 3 . 9 )( 1 . 3 . 9 )

( 2 . 2 . 5 )( 2 . 2 . 5 )

( 4 . 2 2 )( 4 . 2 2 )

( 2 . 3 . 6 )( 2 . 3 . 6 )

( 4 . 2 9 )( 4 . 2 9 )

( 2 . 1 . 4 )( 2 . 1 . 4 )

( 1 . 2 . 2 )( 1 . 2 . 2 )

>  >  

>  >  

>  >  

( 4 . 2 1 )( 4 . 2 1 )

>  >  
( 4 . 2 3 )( 4 . 2 3 )

( 4 . 1 4 )( 4 . 1 4 )

( 1 . 3 . 6 )( 1 . 3 . 6 )

( 1 . 3 . 1 )( 1 . 3 . 1 )

( 3 . 1 1 )( 3 . 1 1 )

( 1 . 3 . 4 )( 1 . 3 . 4 )

( 4 . 6 )( 4 . 6 )

>  >  

>  >  

( 4 . 2 7 )( 4 . 2 7 )

>  >  

( 4 . 2 )( 4 . 2 )

>  >  

( 4 . 1 9 )( 4 . 1 9 )

( 4 . 2 4 )( 4 . 2 4 )

( 1 . 1 . 3 )( 1 . 1 . 3 )

( 4 . 2 5 )( 4 . 2 5 )

( 2 . 2 . 2 )( 2 . 2 . 2 )

( 1 . 2 . 3 )( 1 . 2 . 3 )

>  >  

( 1 . 2 . 6 )( 1 . 2 . 6 )

( 2 . 3 . 3 )( 2 . 3 . 3 )

( 2 . 3 . 4 )( 2 . 3 . 4 )

( 2 . 3 . 1 )( 2 . 3 . 1 )

We can check that they all cancel CF_A.
normal(expand(subs(n=n+1, map(e -> e/CF_A, map(applyopr, 
Bro_A_rec ,  CF_A,  sAlg) ) ) ) ) ;

map(indets,  Bro_A_rec);

map(p  ->  map2(degree ,  p ,  [sn , tn ,sk , tk ] ) ,  Bro_A_rec) ;

In case CF_A was not known, here is how we could solve the system of 
recurrences. Selecting two independent, low-order relations is sufficient.

r e c 1 _ A  : =  a p p l y o p r ( c o l l e c t ( B r o _ A _ r e c [ 1 ] ,  t k ,  f a c t o r ) ,  a ( n , k ) ,  
s A l g ) ;

K K K K K

r e c 2 _ A  : =  a p p l y o p r ( c o l l e c t ( B r o _ A _ r e c [ 3 ] ,  t n ,  f a c t o r ) ,  a ( n , k ) ,  
s A l g ) ;

K K K K K

K K K K

We solve by considering n is the leading variable, so we first solve one of the 
recurrence equations up to some constant that is a function f of k.

e v a l ( s u b s ( a  =  u n a p p l y ( a ( n ) ,  n ,  k ) ,  r e c 2 _ A ) ) ;
K K K K K

K K K K

b iv rec_so l  :=  LREtoo ls : -hypergeomso ls (%,  a (n ) ,  { a (1 )  =  f ( k ) } ) ;

K K K

K K

K K K

Then, we use the other recurrence equation to determine f(k).
fac tor (expand(eva l (subs(a  =  unapply (b ivrec_sol ,  n ,  k ) ,  rec1_A)
) ) ) ;

K K K K K

K K K K K



( 1 . 3 . 3 )( 1 . 3 . 3 )

( 1 . 4 . 5 )( 1 . 4 . 5 )

( 4 . 1 )( 4 . 1 )

>  >  

( 4 . 2 0 )( 4 . 2 0 )

>  >  

( 2 . 4 . 3 )( 2 . 4 . 3 )

( 4 . 3 2 )( 4 . 3 2 )

( 1 . 3 . 9 )( 1 . 3 . 9 )

( 2 . 2 . 5 )( 2 . 2 . 5 )

( 4 . 3 4 )( 4 . 3 4 )

>  >  

>  >  

( 2 . 3 . 6 )( 2 . 3 . 6 )

( 4 . 2 9 )( 4 . 2 9 )

( 2 . 1 . 4 )( 2 . 1 . 4 )

( 1 . 2 . 2 )( 1 . 2 . 2 )

( 4 . 3 3 )( 4 . 3 3 )

>  >  

( 4 . 3 0 )( 4 . 3 0 )
>  >  

( 4 . 2 1 )( 4 . 2 1 )

( 4 . 1 4 )( 4 . 1 4 )

( 1 . 3 . 6 )( 1 . 3 . 6 )

( 4 . 3 1 )( 4 . 3 1 )

( 1 . 3 . 1 )( 1 . 3 . 1 )

( 3 . 1 1 )( 3 . 1 1 )

( 1 . 3 . 4 )( 1 . 3 . 4 )

( 4 . 6 )( 4 . 6 )

>  >  

( 4 . 2 )( 4 . 2 )

( 4 . 1 9 )( 4 . 1 9 )

( 1 . 1 . 3 )( 1 . 1 . 3 )

( 2 . 2 . 2 )( 2 . 2 . 2 )

( 1 . 2 . 3 )( 1 . 2 . 3 )

>  >  

( 1 . 2 . 6 )( 1 . 2 . 6 )

( 2 . 3 . 3 )( 2 . 3 . 3 )

( 2 . 3 . 4 )( 2 . 3 . 4 )

>  >  

( 2 . 3 . 1 )( 2 . 3 . 1 )

K K K K K

K K K

c o l l e c t ( s e l e c t ( h a s ,  % ,  f ) ,  f ,  f a c t o r ) ;
K K K K

In turn, f(k) depends on some constant with respect to n and k.
LREtoo ls : -hypergeomso ls (%,  f ( k ) ,  { f ( 4 )  =  c } ) ;

K K K

The constants for such equations are 1-periodic functions, so c, the value of f 
at 4, is in fact the value of some 1-periodic function phi(k) at 4.

b i v r e c _ s o l  : =  s u b s ( f ( k )  =  s u b s ( c = p h i ( k ) ,  % ) ,  b i v r e c _ s o l ) ;

K K K

K

K K K K K K

K

Some generalized duplication formula known to Gauss is used to simplify. We 
could use it as well as the reflection formula to derive the expression of CF_A. 
We shorten a bit the exposition by merely showing the existence of a 1-
periodic phi(k) such that the solution bivrec_sol agrees with CF_A.

DLMF_5_5_3  :=  p roc (z ,  { inv := t rue} ,  $ ) ;
  re turn ` i f ` ( inv ,  GAMMA(1-z)  =  Pi /s in(Pi*z ) /GAMMA(z) ,  GAMMA(z)
*GAMMA(1-z )  =  P i /s in (P i *z ) )
end:
D L M F _ 5 _ 5 _ 6  : =  p r o c ( n ,  z ,  { i n v : = t r u e } ,  $ )  l o c a l  k ;
    l o c a l  l  : =  G A M M A ( n * z ) ;
    l o c a l  r  : =  ( 2 * P i ) ^ ( 1 - n ) / 2 * n ^ ( n * z - 1 / 2 ) * m u l ( G A M M A ( z + k / n ) ,  k =
0 . . n - 1 ) ;
    r e t u r n  ` i f ` ( i n v ,  G A M M A ( z )  *  ( 1  =  l / r ) ,  l  =  r )
end:
sol_phi  :=  so lve(normal (expand(s impl i fy (b ivrec_sol  /  CF_A =  1 ,
GAMMA)) ) ,  {ph i (k ) } ) ;

K K K

DLMF_5_5_6(3,  -k /3) ;



( 1 . 3 . 3 )( 1 . 3 . 3 )

( 1 . 4 . 5 )( 1 . 4 . 5 )

( 4 . 3 5 )( 4 . 3 5 )

( 4 . 1 )( 4 . 1 )

( 4 . 3 7 )( 4 . 3 7 )

( 4 . 2 0 )( 4 . 2 0 )

( 2 . 4 . 3 )( 2 . 4 . 3 )

( 1 . 3 . 9 )( 1 . 3 . 9 )

( 2 . 2 . 5 )( 2 . 2 . 5 )

( 4 . 3 4 )( 4 . 3 4 )

( 2 . 3 . 6 )( 2 . 3 . 6 )

( 4 . 2 9 )( 4 . 2 9 )

( 2 . 1 . 4 )( 2 . 1 . 4 )

( 1 . 2 . 2 )( 1 . 2 . 2 )

>  >  

>  >  

( 4 . 2 1 )( 4 . 2 1 )

( 4 . 1 4 )( 4 . 1 4 )

>  >  

>  >  

( 4 . 3 6 )( 4 . 3 6 )

( 1 . 3 . 6 )( 1 . 3 . 6 )

( 1 . 3 . 1 )( 1 . 3 . 1 )

( 3 . 1 1 )( 3 . 1 1 )

( 1 . 3 . 4 )( 1 . 3 . 4 )

( 4 . 6 )( 4 . 6 )

>  >  

>  >  

( 4 . 2 )( 4 . 2 )

( 4 . 3 8 )( 4 . 3 8 )

( 4 . 1 9 )( 4 . 1 9 )

( 1 . 1 . 3 )( 1 . 1 . 3 )

( 2 . 2 . 2 )( 2 . 2 . 2 )

( 1 . 2 . 3 )( 1 . 2 . 3 )

( 1 . 2 . 6 )( 1 . 2 . 6 )

( 2 . 3 . 3 )( 2 . 3 . 3 )

( 2 . 3 . 4 )( 2 . 3 . 4 )

( 2 . 3 . 1 )( 2 . 3 . 1 )

K
K

K K

K K

s o l _ p h i  : =  s i m p l i f y ( s u b s ( % ,  s o l _ p h i ) ) ;

K

Because this is a well-defined 1-periodic function, we have proven:
subs(sol_phi ,  b ivrec_sol )  =  CF_A;

K K K K K

K

K K K K K K

To really go to the full proof, we perform further substitution:
DLMF_5_5_6(3,  n+1/3-k/3) ,  DLMF_5_5_6(3,  n) ,  DLMF_5_5_6(3,  4/3-
k/3),  DLMF_5_5_3(k-3),  DLMF_5_5_3(k);

K
K

K

K K

K
K

K
K

K K

K

K K
K

subs(%, %%);

K
K

K K K K K
K K

K K



( 1 . 3 . 3 )( 1 . 3 . 3 )

( 1 . 4 . 5 )( 1 . 4 . 5 )

( 4 . 2 1 )( 4 . 2 1 )

( 4 . 1 )( 4 . 1 )

( 4 . 1 4 )( 4 . 1 4 )

( 4 . 2 0 )( 4 . 2 0 )

( 4 . 3 9 )( 4 . 3 9 )

( 1 . 3 . 6 )( 1 . 3 . 6 )

( 1 . 3 . 1 )( 1 . 3 . 1 )

( 3 . 1 1 )( 3 . 1 1 )

( 1 . 3 . 4 )( 1 . 3 . 4 )

( 2 . 4 . 3 )( 2 . 4 . 3 )

( 4 . 6 )( 4 . 6 )

( 4 . 4 0 )( 4 . 4 0 )

( 1 . 3 . 9 )( 1 . 3 . 9 )

>  >  

( 2 . 2 . 5 )( 2 . 2 . 5 )

>  >  

( 4 . 2 )( 4 . 2 )

( 4 . 3 4 )( 4 . 3 4 )

( 4 . 1 9 )( 4 . 1 9 )

( 1 . 1 . 3 )( 1 . 1 . 3 )

( 2 . 2 . 2 )( 2 . 2 . 2 )

( 2 . 3 . 6 )( 2 . 3 . 6 )

( 1 . 2 . 3 )( 1 . 2 . 3 )

( 4 . 2 9 )( 4 . 2 9 )

( 2 . 1 . 4 )( 2 . 1 . 4 )

( 1 . 2 . 6 )( 1 . 2 . 6 )

( 1 . 2 . 2 )( 1 . 2 . 2 )

>  >  

( 2 . 3 . 3 )( 2 . 3 . 3 )

( 2 . 3 . 4 )( 2 . 3 . 4 )

>  >  

( 2 . 3 . 1 )( 2 . 3 . 1 )

This has proved Theorem 1.
We now reproduce very similar calculations for Theorem 2, without 
reproducing all the explanations. The one big difference will be that we obtain 
second-order recurrence relations instead of first-order recurrence relations: 
the existence of hypergeometric solutions is not proved a priori.

dsysro_B := col lect(df ini te_expr_to_sys(RootOf(P_mod, X) ,  B
( t : : d i f f ,  z : : d i f f ) ) ,  { B ,  d i f f } ,  f a c t o r ) ;

K K K K

K K

K K K

K K K

K K

K K

K K K K

K K

K K K

K K K K

K K K

K K K K

K K K K

K K

K K K K K

K K

map(indets,  dsysro_B);



( 1 . 3 . 3 )( 1 . 3 . 3 )

( 1 . 4 . 5 )( 1 . 4 . 5 )

( 4 . 1 )( 4 . 1 )

>  >  

>  >  

( 4 . 2 0 )( 4 . 2 0 )

( 2 . 4 . 3 )( 2 . 4 . 3 )

>  >  

( 1 . 3 . 9 )( 1 . 3 . 9 )

>  >  

( 4 . 4 2 )( 4 . 4 2 )

( 2 . 2 . 5 )( 2 . 2 . 5 )

( 4 . 3 4 )( 4 . 3 4 )

( 4 . 4 3 )( 4 . 4 3 )

( 2 . 3 . 6 )( 2 . 3 . 6 )

( 4 . 2 9 )( 4 . 2 9 )

( 2 . 1 . 4 )( 2 . 1 . 4 )

( 1 . 2 . 2 )( 1 . 2 . 2 )

>  >  

( 4 . 4 5 )( 4 . 4 5 )

( 4 . 2 1 )( 4 . 2 1 )

( 4 . 4 4 )( 4 . 4 4 )

( 4 . 1 4 )( 4 . 1 4 )

>  >  

( 1 . 3 . 6 )( 1 . 3 . 6 )

( 1 . 3 . 1 )( 1 . 3 . 1 )

( 3 . 1 1 )( 3 . 1 1 )

( 1 . 3 . 4 )( 1 . 3 . 4 )

( 4 . 6 )( 4 . 6 )

( 4 . 4 0 )( 4 . 4 0 )

>  >  

( 4 . 4 6 )( 4 . 4 6 )

( 4 . 2 )( 4 . 2 )

( 4 . 1 9 )( 4 . 1 9 )

( 1 . 1 . 3 )( 1 . 1 . 3 )

( 2 . 2 . 2 )( 2 . 2 . 2 )

( 1 . 2 . 3 )( 1 . 2 . 3 )

>  >  

( 1 . 2 . 6 )( 1 . 2 . 6 )

( 2 . 3 . 3 )( 2 . 3 . 3 )

( 2 . 3 . 4 )( 2 . 3 . 4 )

( 4 . 4 1 )( 4 . 4 1 )

>  >  

( 2 . 3 . 1 )( 2 . 3 . 1 )

indets(dsysro_B);

G r o _ B  : =  s u b s ( [ s e q ( s e q ( d i f f ( B ( t , z ) ,  [ t $ i , z $ j ] )  =  d t ^ i * d z ^ j ,  j =
0 . . 3 ) ,  i = 0 . . 3 ) ] ,  d s y s r o _ B ) ;

K K K K

K K K K K

K K K K

K K K K K K

K K K K K

K K K

K K K K

K

K K K

K K K K

K

K K K

K K K K K K

m a p ( d e g r e e ,  c o n v e r t ( G r o _ B ,  l i s t ) ,  { t , z } ) ;

map(degree ,  conver t (Gro_B,  l is t ) ) ;

Bro_B := Basis(Gro_B, wMOrd):
Again, dimension is equal to 2, justifying holonomy, more precisely that we 
have a holonomic presentation at hand.

HilbertDimension(Bro_B, wMOrd);
2

map(indets,  Bro_B);



( 1 . 3 . 3 )( 1 . 3 . 3 )

( 1 . 4 . 5 )( 1 . 4 . 5 )

( 4 . 1 )( 4 . 1 )

( 4 . 2 0 )( 4 . 2 0 )

( 4 . 5 0 )( 4 . 5 0 )

( 4 . 5 3 )( 4 . 5 3 )

>  >  

( 2 . 4 . 3 )( 2 . 4 . 3 )

( 4 . 4 7 )( 4 . 4 7 )

>  >  

( 1 . 3 . 9 )( 1 . 3 . 9 )

>  >  

( 2 . 2 . 5 )( 2 . 2 . 5 )

( 4 . 3 4 )( 4 . 3 4 )

( 4 . 4 9 )( 4 . 4 9 )

( 2 . 3 . 6 )( 2 . 3 . 6 )

>  >  

( 4 . 2 9 )( 4 . 2 9 )

>  >  

( 2 . 1 . 4 )( 2 . 1 . 4 )

( 1 . 2 . 2 )( 1 . 2 . 2 )

>  >  

>  >  

>  >  

( 4 . 2 1 )( 4 . 2 1 )

>  >  

( 4 . 1 4 )( 4 . 1 4 )

( 1 . 3 . 6 )( 1 . 3 . 6 )

( 1 . 3 . 1 )( 1 . 3 . 1 )

( 3 . 1 1 )( 3 . 1 1 )

( 1 . 3 . 4 )( 1 . 3 . 4 )

( 4 . 6 )( 4 . 6 )

( 4 . 4 0 )( 4 . 4 0 )

( 4 . 4 8 )( 4 . 4 8 )

>  >  

( 4 . 2 )( 4 . 2 )

( 4 . 5 2 )( 4 . 5 2 )

( 4 . 5 1 )( 4 . 5 1 )

( 4 . 1 9 )( 4 . 1 9 )

>  >  

( 1 . 1 . 3 )( 1 . 1 . 3 )

( 2 . 2 . 2 )( 2 . 2 . 2 )

( 1 . 2 . 3 )( 1 . 2 . 3 )

( 1 . 2 . 6 )( 1 . 2 . 6 )

( 2 . 3 . 3 )( 2 . 3 . 3 )

( 2 . 3 . 4 )( 2 . 3 . 4 )

( 2 . 3 . 1 )( 2 . 3 . 1 )

map(LeadingMonomial, Bro_B, wMOrd);

map(degree,  Bro_B,  dt ) ;

map(degree,  Bro_B, dz);

Gro_B_rec :=  [op(expand(map(conv,  Bro_B)) ) ,  sn* tn-1 ,  sk* tk-1] :
Bro_B_rec := Basis(Gro_B_rec, sMOrd):
map(LeadingMonomial, Bro_B_rec, sMOrd);

map(length, Bro_B_rec);

c o l l e c t ( B r o _ B _ r e c ,  { s n , t n , s k , t k } ,  d i s t r i b u t e d ,  1 ) ;

c o l l e c t ( B r o _ B _ r e c ,  { s n , t n , s k , t k } ,  d i s t r i b u t e d ,  f a c t o r ) ;
K K K K K K K K

K K K K K K K

K K K

K K

K K K K K

K K

K K K K

K K K K

K



( 1 . 3 . 3 )( 1 . 3 . 3 )

( 1 . 4 . 5 )( 1 . 4 . 5 )

( 4 . 1 )( 4 . 1 )

( 4 . 2 0 )( 4 . 2 0 )

( 4 . 5 3 )( 4 . 5 3 )

( 2 . 4 . 3 )( 2 . 4 . 3 )

( 4 . 4 7 )( 4 . 4 7 )

( 1 . 3 . 9 )( 1 . 3 . 9 )

( 2 . 2 . 5 )( 2 . 2 . 5 )

( 4 . 3 4 )( 4 . 3 4 )

( 2 . 3 . 6 )( 2 . 3 . 6 )

( 4 . 2 9 )( 4 . 2 9 )

>  >  

( 2 . 1 . 4 )( 2 . 1 . 4 )

( 1 . 2 . 2 )( 1 . 2 . 2 )

>  >  

( 4 . 2 1 )( 4 . 2 1 )

( 4 . 1 4 )( 4 . 1 4 )

( 1 . 3 . 6 )( 1 . 3 . 6 )

( 1 . 3 . 1 )( 1 . 3 . 1 )

( 3 . 1 1 )( 3 . 1 1 )

( 1 . 3 . 4 )( 1 . 3 . 4 )

( 4 . 6 )( 4 . 6 )

( 4 . 4 0 )( 4 . 4 0 )

>  >  

( 4 . 2 )( 4 . 2 )

( 4 . 1 9 )( 4 . 1 9 )

( 1 . 1 . 3 )( 1 . 1 . 3 )

( 2 . 2 . 2 )( 2 . 2 . 2 )

( 1 . 2 . 3 )( 1 . 2 . 3 )

( 1 . 2 . 6 )( 1 . 2 . 6 )

( 2 . 3 . 3 )( 2 . 3 . 3 )

( 2 . 3 . 4 )( 2 . 3 . 4 )

( 2 . 3 . 1 )( 2 . 3 . 1 )

K K K

K K K K

K K K K

K K K

K K K K

K K K K K

K K K

K

K K K K

K K K

K K K K

K K K K K

K K

K K K K K

K K K K K

K K K K

K K K K

K K K

K K K K

K K K K K K

K K K

K K K K

K K K K K K K

K K K K K

K K K K

K K K K

K

K K K

K K

K

K K

K K

K

K K

K K K



( 1 . 3 . 3 )( 1 . 3 . 3 )

( 1 . 4 . 5 )( 1 . 4 . 5 )

( 4 . 1 )( 4 . 1 )

( 4 . 2 0 )( 4 . 2 0 )

( 4 . 5 3 )( 4 . 5 3 )

( 2 . 4 . 3 )( 2 . 4 . 3 )

( 4 . 4 7 )( 4 . 4 7 )

( 1 . 3 . 9 )( 1 . 3 . 9 )

( 2 . 2 . 5 )( 2 . 2 . 5 )

( 4 . 3 4 )( 4 . 3 4 )

( 2 . 3 . 6 )( 2 . 3 . 6 )

( 4 . 2 9 )( 4 . 2 9 )

>  >  

( 2 . 1 . 4 )( 2 . 1 . 4 )

( 1 . 2 . 2 )( 1 . 2 . 2 )

>  >  

( 4 . 2 1 )( 4 . 2 1 )

( 4 . 1 4 )( 4 . 1 4 )

( 1 . 3 . 6 )( 1 . 3 . 6 )

( 1 . 3 . 1 )( 1 . 3 . 1 )

( 3 . 1 1 )( 3 . 1 1 )

( 1 . 3 . 4 )( 1 . 3 . 4 )

( 4 . 6 )( 4 . 6 )

( 4 . 4 0 )( 4 . 4 0 )

>  >  

( 4 . 2 )( 4 . 2 )

( 4 . 1 9 )( 4 . 1 9 )

( 1 . 1 . 3 )( 1 . 1 . 3 )

( 2 . 2 . 2 )( 2 . 2 . 2 )

( 1 . 2 . 3 )( 1 . 2 . 3 )

( 1 . 2 . 6 )( 1 . 2 . 6 )

( 2 . 3 . 3 )( 2 . 3 . 3 )

( 2 . 3 . 4 )( 2 . 3 . 4 )

( 2 . 3 . 1 )( 2 . 3 . 1 )

K K K

K K K K

K K K K K

K

K K K

K

K K

K K K

K K

K

K K K

K K K

K K K K K K

K K K K K K K K K

K K K
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K
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K K K K K K
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K K K

K K K

K K K

K K K K

K K K K

K

K K K K K

K K K K

K K



( 1 . 3 . 3 )( 1 . 3 . 3 )

( 1 . 4 . 5 )( 1 . 4 . 5 )

( 4 . 1 )( 4 . 1 )

( 4 . 2 0 )( 4 . 2 0 )

( 4 . 5 3 )( 4 . 5 3 )

( 2 . 4 . 3 )( 2 . 4 . 3 )

( 4 . 4 7 )( 4 . 4 7 )

( 1 . 3 . 9 )( 1 . 3 . 9 )

( 2 . 2 . 5 )( 2 . 2 . 5 )

( 4 . 3 4 )( 4 . 3 4 )

( 2 . 3 . 6 )( 2 . 3 . 6 )

( 4 . 2 9 )( 4 . 2 9 )

>  >  

( 2 . 1 . 4 )( 2 . 1 . 4 )

( 1 . 2 . 2 )( 1 . 2 . 2 )

>  >  

( 4 . 2 1 )( 4 . 2 1 )

( 4 . 1 4 )( 4 . 1 4 )

( 1 . 3 . 6 )( 1 . 3 . 6 )

( 1 . 3 . 1 )( 1 . 3 . 1 )

( 3 . 1 1 )( 3 . 1 1 )

( 1 . 3 . 4 )( 1 . 3 . 4 )

( 4 . 6 )( 4 . 6 )

( 4 . 4 0 )( 4 . 4 0 )

>  >  

( 4 . 2 )( 4 . 2 )

( 4 . 1 9 )( 4 . 1 9 )

( 1 . 1 . 3 )( 1 . 1 . 3 )

( 2 . 2 . 2 )( 2 . 2 . 2 )

( 1 . 2 . 3 )( 1 . 2 . 3 )

( 1 . 2 . 6 )( 1 . 2 . 6 )

( 2 . 3 . 3 )( 2 . 3 . 3 )

( 2 . 3 . 4 )( 2 . 3 . 4 )

( 2 . 3 . 1 )( 2 . 3 . 1 )

K K K

K K K K K

K

K K K

K K K K

K

K
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K K K

K K K K

K K K K

K

K K K K
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K K K
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K K K K
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K K K
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K K K K

K K K
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K K K K
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K K K K K K

K K



( 1 . 3 . 3 )( 1 . 3 . 3 )

( 1 . 4 . 5 )( 1 . 4 . 5 )

( 4 . 1 )( 4 . 1 )

( 4 . 2 0 )( 4 . 2 0 )

( 4 . 5 3 )( 4 . 5 3 )

( 2 . 4 . 3 )( 2 . 4 . 3 )

( 4 . 4 7 )( 4 . 4 7 )

( 1 . 3 . 9 )( 1 . 3 . 9 )

( 2 . 2 . 5 )( 2 . 2 . 5 )

( 4 . 3 4 )( 4 . 3 4 )

( 2 . 3 . 6 )( 2 . 3 . 6 )

( 4 . 2 9 )( 4 . 2 9 )

>  >  

( 2 . 1 . 4 )( 2 . 1 . 4 )

( 1 . 2 . 2 )( 1 . 2 . 2 )

>  >  

( 4 . 2 1 )( 4 . 2 1 )

( 4 . 1 4 )( 4 . 1 4 )

( 1 . 3 . 6 )( 1 . 3 . 6 )

( 1 . 3 . 1 )( 1 . 3 . 1 )

( 3 . 1 1 )( 3 . 1 1 )

( 1 . 3 . 4 )( 1 . 3 . 4 )

( 4 . 6 )( 4 . 6 )

( 4 . 4 0 )( 4 . 4 0 )

>  >  

( 4 . 2 )( 4 . 2 )

( 4 . 1 9 )( 4 . 1 9 )

( 1 . 1 . 3 )( 1 . 1 . 3 )

( 2 . 2 . 2 )( 2 . 2 . 2 )

( 1 . 2 . 3 )( 1 . 2 . 3 )

( 1 . 2 . 6 )( 1 . 2 . 6 )

( 2 . 3 . 3 )( 2 . 3 . 3 )

( 2 . 3 . 4 )( 2 . 3 . 4 )

( 2 . 3 . 1 )( 2 . 3 . 1 )

K K K K
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K K K

K K K K K
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( 1 . 3 . 3 )( 1 . 3 . 3 )

( 1 . 4 . 5 )( 1 . 4 . 5 )

( 4 . 1 )( 4 . 1 )

( 4 . 2 0 )( 4 . 2 0 )

( 4 . 5 3 )( 4 . 5 3 )

( 2 . 4 . 3 )( 2 . 4 . 3 )

( 4 . 4 7 )( 4 . 4 7 )

( 1 . 3 . 9 )( 1 . 3 . 9 )

( 2 . 2 . 5 )( 2 . 2 . 5 )

( 4 . 3 4 )( 4 . 3 4 )

( 2 . 3 . 6 )( 2 . 3 . 6 )

( 4 . 2 9 )( 4 . 2 9 )

>  >  

( 2 . 1 . 4 )( 2 . 1 . 4 )

( 1 . 2 . 2 )( 1 . 2 . 2 )

>  >  

( 4 . 2 1 )( 4 . 2 1 )

( 4 . 1 4 )( 4 . 1 4 )

( 1 . 3 . 6 )( 1 . 3 . 6 )

( 1 . 3 . 1 )( 1 . 3 . 1 )

( 3 . 1 1 )( 3 . 1 1 )

( 1 . 3 . 4 )( 1 . 3 . 4 )

( 4 . 6 )( 4 . 6 )

( 4 . 4 0 )( 4 . 4 0 )

>  >  

( 4 . 2 )( 4 . 2 )

( 4 . 1 9 )( 4 . 1 9 )

( 1 . 1 . 3 )( 1 . 1 . 3 )

( 2 . 2 . 2 )( 2 . 2 . 2 )

( 1 . 2 . 3 )( 1 . 2 . 3 )

( 1 . 2 . 6 )( 1 . 2 . 6 )

( 2 . 3 . 3 )( 2 . 3 . 3 )

( 2 . 3 . 4 )( 2 . 3 . 4 )

( 2 . 3 . 1 )( 2 . 3 . 1 )
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( 1 . 3 . 3 )( 1 . 3 . 3 )

( 1 . 4 . 5 )( 1 . 4 . 5 )

( 4 . 1 )( 4 . 1 )

( 4 . 2 0 )( 4 . 2 0 )

( 4 . 5 3 )( 4 . 5 3 )

( 2 . 4 . 3 )( 2 . 4 . 3 )

( 4 . 4 7 )( 4 . 4 7 )

( 1 . 3 . 9 )( 1 . 3 . 9 )

( 2 . 2 . 5 )( 2 . 2 . 5 )

( 4 . 3 4 )( 4 . 3 4 )

( 2 . 3 . 6 )( 2 . 3 . 6 )

( 4 . 2 9 )( 4 . 2 9 )

>  >  

( 2 . 1 . 4 )( 2 . 1 . 4 )

( 1 . 2 . 2 )( 1 . 2 . 2 )

>  >  

( 4 . 2 1 )( 4 . 2 1 )

( 4 . 1 4 )( 4 . 1 4 )

( 1 . 3 . 6 )( 1 . 3 . 6 )

( 1 . 3 . 1 )( 1 . 3 . 1 )

( 3 . 1 1 )( 3 . 1 1 )

( 1 . 3 . 4 )( 1 . 3 . 4 )

( 4 . 6 )( 4 . 6 )

( 4 . 4 0 )( 4 . 4 0 )

>  >  

( 4 . 2 )( 4 . 2 )

( 4 . 1 9 )( 4 . 1 9 )

( 1 . 1 . 3 )( 1 . 1 . 3 )

( 2 . 2 . 2 )( 2 . 2 . 2 )
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f o r  q  i n  B r o _ B _ r e c  d o  a p p l y o p r ( c o l l e c t ( q ,  { s n , t n , s k , t k } ,  
d i s t r i b u t e d ,  f a c t o r ) ,  b ( n , k ) ,  s A l g )  =  0  o d ;
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normal(expand(subs(n=n+2, map(e -> e/CF_B, map(applyopr, 
Bro_B_rec ,  CF_B,  sAlg) ) ) ) ) ;

map(indets,  Bro_B_rec);

map(p  ->  map2(degree ,  p ,  [sn , tn ,sk , tk ] ) ,  Bro_B_rec) ;

Selecting two independent, low-order relations is sufficient for solving. One 
can choose:

rec1_B :=  applyopr (co l lec t (Bro_B_rec[1 ] ,  { s n , t n , s k , t k },  
f a c t o r ) ,  b ( n , k ) ,  s A l g ) ;

K K K K K

K K K K K

rec2_B :=  a p p l y o p r ( c o l l e c t ( B r o _ B _ r e c [ 3 ] ,  { s n , t n , s k , t k } ,  
f a c t o r ) ,  b ( n , k ) ,  s A l g ) ;

K K K

K K K

K K K

K K K

K K K

K K K K K

K

Because these are not two first-order recurrence equations, it is not known a 
priori that all solutions are bivariate hypergeometric. But we can stil l search 
for hypergeometric solutions and see if we can identify our series as having 
such a solution as its coefficient.

e v a l ( s u b s ( b  =  u n a p p l y ( b ( k ) ,  n ,  k ) ,  r e c 1 _ B ) ) ;
K K K

K K K K K



( 1 . 3 . 3 )( 1 . 3 . 3 )

( 4 . 6 1 )( 4 . 6 1 )

( 1 . 4 . 5 )( 1 . 4 . 5 )

( 4 . 1 )( 4 . 1 )

( 4 . 2 0 )( 4 . 2 0 )

( 4 . 5 3 )( 4 . 5 3 )

>  >  
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( 1 . 2 . 6 )( 1 . 2 . 6 )

( 2 . 3 . 3 )( 2 . 3 . 3 )

( 2 . 3 . 4 )( 2 . 3 . 4 )

( 2 . 3 . 1 )( 2 . 3 . 1 )

L R E t o o l s : - h y p e r g e o m s o l s ( % ,  b ( k ) ,  { b ( 0 )  =  f ( n ) ,  b ( 1 )  =  g ( n ) } ) ;
K K K K

K 1 K K K K K

K K K K K K

K K K K K K K

K K K K K K

K K K K K K K K K 1 K K K K K K K K K K K K

K K K K K K K

K K K K

Then, we use the other recurrence equation to determine f(n) and g(n).
fac tor (expand(eva l (subs(b  =  unapp ly (%,  n ,  k ) ,  rec2_B) ) ) ) ;
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( 1 . 4 . 5 )( 1 . 4 . 5 )

( 4 . 1 )( 4 . 1 )
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At this point, this seems hopeless...


