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Computational complexity theory

B “In theoretical computer science and mathematics,
computational complexity theory focuses on
classifying computational problems
according to their resource usage.”

Wikipedia
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£ 1— A complex polynomial system, n variables, n equations
O — An approximate zero

 N™°() ayerage complexity (Lairez, 2020)
— N is the number of coefficients in the dense representation
— BSS model
- regime min(dimension, degree) — oo

B Smale (1981, 1986), Renegar (1987), Shub and Smale (1993a, 1993b,
1993c, 1996, 1994), Smale (1998), Beltran and Pardo (2008, 2009),
Shub (2009), Beltran and Shub (2009), Beltran (2011), Beltran and
Pardo (2011), Burgisser and Cucker (2011), Beltran and Leykin
(2012, 2013), Dedieu, Malajovich, and Shub (2013), Hauenstein and
Liddell (2016), Armentano et al. (2016), Lairez (2017, 2020), and
Burgisser, Cucker, and Lairez (2023)
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Computational model
BSS # Turing, but the theory is robust (Beltran & Leykin, 2013).

Average complexity results
But what else can we do when worst-case complexity is infinite?

Choice of complexity parameters
N is not the most relevant. Evaluation complexity is interesting Biirgisser,
Cucker, and Lairez (2023). Hard to combine with average analysis.

The resolution of complexity is poly(dimension, degree), not O(1)!

Artificial construction
We design algorithms not because they are good, but because we know how to
analyze them.
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Theory Practice

* Smale’s a theory * Heuristic algorithms
* Integral complexity * Certification with interval
estimates arithmetic
* Correct algorithms * Finite precision
« poly(n, d) resolution * Constant factors matter
* Predictors

How can we understand the runtime of practical methods through
complexity?

Today: focus on homotopy continuation
(Not how to design homotopy paths, or average complexity)
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Homotopy continuation problems

<] F:[0,1] x C"* — C"is a polynomial map
n is a zero of Fy.

[+ {;is continuous, defined by F;({;) =0and {1 = n

In how many continuation steps can we approximate {,?
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Control the number of iterations in terms of
1
y(f.z) = sup || £Df (2) 'D*f ()|~
k>2
Difficulties:

— How to compute y efficiently?
— The variation of y(Fy, z) as t varies is hard to control

® Introduce an upper bound y(F, z) < u(F, z) that fixes the issues.

The number of continuation steps is at most

1
c /0 w(Fo NG,

Shub and Smale (1996) suggest, but cannot prove, the bound

1
c /0 y(Fs QI GId,
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f:C" — C"is a polynomial map
necC"

(t is continuous, defined by f({;) = tf(n) and {3 = n

© Newton homotopies contain the general case!

Choose f(t,z) = (t, Ft(z)) and starting point (¢, ) to reduce a
general homotopy problem to a Newton homotopy with one
additional variable.

In how many continuation steps can we approximate {,?

The technical difficulties vanish, Hauenstein and Liddell (2016)
prove the bound

1
c /0 y(F QoI
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The continuation algorithm (Hauenstein & Liddell, 2016)

def continuation(f, {):

t—1

z—(

v —f({)

while t > 0:
e — |IDf(2)7f (2)lly(f, 2)
t — max (t- 4,0
z « Newton(f — tv, z)

return z

© same spirit as Shub (2009) and Beltran (2011), but much simpler
because of the Newton homotopy setting.
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A practical continuation algorithm

def continuation(f, {):
t—1
z+—(
v f()
while ¢t > 0:
t—t-—§& [trial and error]
z « predictor(t) [extrapolation based on previous values]
z « Newton®(f — tv, z)
if the Newton iteration does not converge:
restart the iteration with a smaller §

return z

We test only necessary conditions for convergence
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ABSTRACT

Using validated numerical methods, interval arithmetic and Taylor
models, we propose a certified predictor-corrector loop for track-
ing zeros of polynomial systems with a parameter. We provide a
Rust implementation which shows tremendous improvement over
existing software for certified path tracking.
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1 INTRODUCTION

Path tracking, or homotopy continuation, is the backbone of nu-
merical algebraic geometry [29]. Given a polynomial map (t,x)
Fi(x), from € x C" to C", and a regular zero { € C" of Fo, we
want to compute for ¢ € [0,1] the continuation ;, which is, as-

@9 Uses interval arithmetic and Moore’s criterion instead of .

Pierre Lairez
Inria, Université Paris-Saclay, Palaiseau, France

precision, which should be as low as possible for performance, but
large enough to ensure appropriate convergence properties and
termination.

‘The use of Taylor models enables predictors (Section 6), such as
the tangent predictor, or the cubic Hermite predictor, as observed
by van der Hoeven [31], leading to tremendous improvement over
previous methods based on Smale’s a-theory. We provide a Rust
implementation that we compare with existing software for path
tracking, both certified and noncertified (Section 7). We find that
the number of iterations performed using the Hermite predictor is
in the same order of magnitude as noncertified approaches.

Related work. The method of path tracking received vast atten-
tion in the context of numerical multivariate polynomial system
solving. It is the method of choice for most state-of-the-art soft-
ware: PHCpack [32], Bertini [2] or HomotopyContinuation.jl [6],
for example. Despite their effectiveness (or perhaps because of their
effectiveness), and despite recent work which brings robustness to
unprecedented levels [30], this software does not guarantee cor-
rectness, that is the consistency of the result with the definition of
the continuation. We obtain zeros of the target system which we
may certify independently, but we are not certain that the paths
were tracked correctly, without swapping for example.

There are countless certified path tracking algorithms based on

[~ Can use polynomial predictors.

A practical certified algorithm (Guillemot & Lairez, 2024)
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How does Smale’s y compare to Moore’s criterion?

Step-size computations rely on criteria to isolate a zero of a
polynomial system; how do they compare?

What is the cost of certification?

Can we quantify the benefit of predictors?
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Let B C C" be the unit ball.
Four ways to quantify the deviation of f(z) from its linearization on a
ball z + rB:

Bo(z,1) = sup [Df (2) ™ (F(z +u) ~ £(2)) ~ u|

uerB

Ay(z,r) =sup ||id —-Df(z) ! o Df(z + u)|| T

uerB

Do (z,r) = sup ||df(z) " o d*f(z +w)| - r°

uerB

k
bu(zr) = Y |IDf (&) o D (2)|5

k>2

1 A
pif2) =sup min {1, 250
r>0 r r

ai(2) = IDf(2) ™" - f(2) lyi(2).
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Ifap(f,z) < }L, then f has a unique zero in the ball z + B.

_1
2y0(f,2)

Ifoq(f,z) < }L, then f has a unique zero in the ball z + B,

and the quasi-Newton iteration converges.

1
2y1(f.z)

If ay(f, z) < 1, then f has a unique zero in the ball z + —Zyz%fz)B
and the Newton iteration converges.

If oo (f, ) < 1, then f has a unique zero in the ball z + TFD 1(fz)B’
and the Newton iteration converges.

Yo ® Y1 ® V2 ® Yoo ® Vsmale (UP to multiplicative constants)
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+/ Smale’s and Moore’s criteria are equally powerful.

Ysmale (OT V) and y; are both hard to compute (even up to a
constant factor).

We can compute an upper bound for y; very efficiently using
interval arithmetic...

... but there is an overestimation amplified by the conditioning of
the Jacobian Df (z)1...

% .. so the criterion used in (Guillemot & Lairez, 2024) is qualitatively
worse than Smale’s.
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Predictors aim to make larger steps than %

Taylor predictors are limited by the radius of convergence of (;.

k
14
Kl

b

Ysmale({) < 6 Ysmale(f, {), where ysmale({) = SUpPys,
and this is tight in the worst case.

So it is hard to prove that predictors improve the step size,
even if it is obvious in practice.

+/ Taylor predictors can compensate for interval overestimation!
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