
( 1 . 2 )( 1 . 2 )

>  >  

( 2 . 1 )( 2 . 1 )

( 1 . 1 )( 1 . 1 )

>  >  

>  >  

>  >  

( 2 . 2 )( 2 . 2 )

>  >  

r e s t a r t :

Échauffement :  dimension 1

avec probabilité de transition (1+a)/2 à gauche et (1-a)/2 à droite ?

Tourver `a` tel que ce nombre soit égal à 2.

E  : =  s u m ( b i n o m i a l ( 2 * n ,  n ) * ( ( 1 - a ^ 2 ) / 4 ) ^ n ,  n = 0 . . i n f i n i t y )  a s s u m i n g  
a  >  0  a n d  a  <  1 ;

s o l v e ( E  =  2 ,  a ) ;
1
2

Dimension 2

voisin du suivant et partant de l 'origine.

On considère une marche aléatoire : on part de l'origine et chaque pas est choisit
aléatoirement, vers le haut et le bas avec probabilité 1/4, vers la gauche avec 
probabilité (1+a)/4 et vers la droite avec probabilité (1-a)/4.

Trouver `a` tel que le nombre moyen de retour à l 'origine de la marche soit égal 
à 2.

E :=  sum((1 /16)^n*binomial (2*n,  n)*sum(binomial (n ,k)^2*(1-a^2)^
( k ) ,  k = 0 . . n ) ,  n = 0 . . i n f i n i t y ) ;

K

a 0  : =  f s o l v e ( E = 2 ,  a ) ;
K 0.2476558179

Méthode  1
Pour approcher `a`, on approxime E(a) par un polynôme dont on calculera les 
racines.



( 3 . 1 )( 3 . 1 )

>  >  
>  >  

On somme les premiers N termes de E.

N  : =  5 0 :
Eapprox :=  expand(add((1 /16)^n*binomial (2*n,  n)*add(binomial (n,k)
^ 2 * ( 1 - a ^ 2 ) ^ ( k ) ,  k = 0 . . n ) ,  n = 0 . . N ) ) ;

K

K

K

K

K



( 3 . 1 )( 3 . 1 )

K

K

K

K

K



( 3 . 1 )( 3 . 1 )

K

K

K

K

K



( 3 . 1 )( 3 . 1 )

K

K

K

K



( 3 . 1 )( 3 . 1 )

K

K

K

K



( 3 . 3 )( 3 . 3 )

( 3 . 1 )( 3 . 1 )

( 4 . 1 )( 4 . 1 )

>  >  

>  >  

>  >  

( 3 . 2 )( 3 . 2 )

>  >  

K

K

D i g i t s  : =  1 0 :
candidates :=  CodeTools[Usage]( [ fsolve(Eapprox=2,  a) ] ) ;

memory used=1.26MiB, a l l o c  c h a n g e = 0  b y t e s , cpu t ime=104.00ms, 
rea l  t ime=104 .00ms , g c  t i m e = 0 n s

K 42.00546126 K 18.31060011 K 11.69241428

K 8.593888770 K 6.800000877 K 5.631435642 K 4.810581842

K 4.202909139 K 3.735332057 K 3.364736036 K 3.064049289

K 2.815419910 K 2.606601186 K 2.428913244 K 2.276056429

K 0.2336185007

a 1  : =  s e l e c t ( ` > ` ,  c a n d i d a t e s ,  0 ) [ 1 ] ;

Méthode  2
Grâce à une relation de récurrence, on peut évaluer numeriquement E(a) 
efficacement.

Comme E est monotone sur [0,1], on peut résoudre E(a)=2, par dichotomie.

On peut trouver la récurrence par reconstruction, à partir des premiers termes. 
Pour la démontrer, on peut uti l iser l 'algorithme de Zeilberger.

L :=  [seq(expand( (1 /16)^n*b inomia l (2*n ,  n ) *add(b inomia l (n ,k )^2* (1
- a ^ 2 ) ^ ( k ) ,  k = 0 . . n ) ) ,  n = 0 . . 1 5 ) ] ;

K K K



( 3 . 1 )( 3 . 1 )

( 4 . 1 )( 4 . 1 )

K K K

K K

K K K

K

K K

K K

K

K K

K K

K

K

K K

K

K K

K

K K

K

K K

K

K



( 3 . 1 )( 3 . 1 )

( 4 . 1 )( 4 . 1 )

K

K

K K

K

K K

K

K

K

K

K K

K

K

K

K

K

K K

K

K



( 4 . 4 )( 4 . 4 )

( 3 . 1 )( 3 . 1 )

( 4 . 1 )( 4 . 1 )

>  >  

( 4 . 2 )( 4 . 2 )

>  >  

>  >  

( 4 . 3 )( 4 . 3 )

K

K

K

K

K K

r e c  : =  g f u n [ l i s t t o r e c ] ( L ,  u ( n ) ) [ 1 ] ;

K K

K K

SumTools[Hypergeometr ic] [Zei lberger] ( (1 /16)^n*binomial (2*n,  n)*
b i n o m i a l ( n , k ) ^ 2 * ( 1 - a ^ 2 ) ^ ( k ) ,  n ,  k ,  E n ) ;

K K

K
K K K K

K

K

K

La récurrence permet de calculer les termes de E.
s i m p l i f y ( i s o l a t e ( s i m p l i f y ( s u b s ( n = n - 2 ,  r e c [ 1 ] ) ) ,  u ( n ) ) ) ;



( 4 . 4 )( 4 . 4 )

>  >  

( 3 . 1 )( 3 . 1 )

( 4 . 1 )( 4 . 1 )

( 4 . 6 )( 4 . 6 )

>  >  

>  >  

( 4 . 7 )( 4 . 7 )

( 4 . 5 )( 4 . 5 )

K
K K K K K K

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

maxn := 0:

numeval := 0:

# calcule E()

evalE := proc(a)

local tot, un, unm1, unm2, n:

global maxn, numeval:

numeval := numeval + 1:

n := 1:

un := -a^2/8 + 1/4:

unm1 := 1:

tot := unm1 + un:

while unm1 > 10^(-Digits) do

n := n + 1:

un, unm1 := -((n - 1/2)*(8*(a^2 - 2)*(n - 1/2)*un + a^4*unm1*(n - 3/2)))/(16*n^2), un

: tot := un + tot:

end do:

maxn := max(n, maxn):

return tot:

end:

# Résout l'équation E()=val, par dichotomie

solveE := proc(val)

local up, down, mid, ev:

up := 1.0:

down := 0.0:

while up - down > 10^(-Digits + 1) do

mid := (up+down)/2:

ev := evalE(mid):

if ev < 2 then

up := mid:

else

down := mid:

fi:

end do:

D i g i t s : = 1 5 ;

a2 := CodeTools[Usage](solveE(2)) ;
memory used=133.49MiB, a l l oc  change=32 .00MiB , c p u  t i m e =
727.00ms, r e a l  t i m e = 5 3 9 . 0 0 m s , gc t ime=318.62ms

Vérif ication
e v a l E ( a 2 ) ;

1.99999999999998



( 4 . 4 )( 4 . 4 )

( 5 . 1 )( 5 . 1 )

>  >  

>  >  

>  >  

( 3 . 1 )( 3 . 1 )

( 4 . 1 )( 4 . 1 )

>  >  
( 4 . 8 )( 4 . 8 )

>  >  

>  >  

( 5 . 2 )( 5 . 2 )

( 4 . 9 )( 4 . 9 )

( 5 . 4 )( 5 . 4 )

>  >  

( 5 . 3 )( 5 . 3 )

>  >  

>  >  

( 5 . 5 )( 5 . 5 )

numeval; 
4 8

maxn;
3223

Notre première approximation n'était vraiment pas très bonne
e v a l E ( a 0 ) ;

E r r o r ,  ( i n  e v a l E )  c a n n o t  d e t e r m i n e  i f  t h i s  e x p r e s s i o n  i s  t r u e  o r  
fa lse:  0 < -1/8*a0^2+249999999999999/1000000000000000

Méthode  3
On peut faire encore mieux et obtenir une description de E(a) comme une 
fonction hypergéométrique.

Pour cela, on commence par calculer une représentation intégrale.

with(BinomSums):

E :=  Sum((1/16)^n*t^n*Binomial (2*n,  n)*Sum(Binomial (n,k)^2*(1-
a ^ 2 ) ^ ( k ) ,  k = 0 . . n ) ,  n = 0 . . i n f i n i t y ) ;

K

R ,  o r d  : =  s u m t o r e s ( E ,  u ) ;

R
K

R 1  : =  s u b s ( t = 1 ,  R ) ;

K

N  : =  4 ;

p [ 0 ] * R 1  +  p [ 1 ] * D i f f ( R 1 ,  a )  +  D i f f ( R 1 ,  a ,  a )  +  D i f f (  a d d ( a d d ( b [ i ,
j ] * u [ 2 ] ^ i ,  i = 0 . . N ) * u [ 1 ] ^ j ,  j = 0 . . N ) / d e n o m ( R 1 ) ^ 2 ,  u [ 2 ] )  +  D i f f (  a d d
( a d d ( c [ i , j ] * u [ 2 ] ^ i ,  i = 0 . . N ) * u [ 1 ] ^ j ,  j = 0 . . N ) / d e n o m ( R 1 ) ^ 2 ,  u [ 1 ] ) ;

K

K



( 4 . 4 )( 4 . 4 )

( 3 . 1 )( 3 . 1 )

( 4 . 1 )( 4 . 1 )

>  >  
( 4 . 8 )( 4 . 8 )

( 5 . 6 )( 5 . 6 )

( 5 . 5 )( 5 . 5 )

>  >  

K

K K

K K K K K K

K K K

K K K K K

e q s  : =  [ c o e f f s ( c o l l e c t ( n u m e r ( n o r m a l ( v a l u e ( % ) ) ) ,  { u [ 1 ] ,  u [ 2 ] } ,  
d i s t r i b u t e d ) ,  { u [ 1 ] ,  u [ 2 ] } ) ] ;

K K K K

K K K

K K K K

K K K K K

K K

K K K K

K K K K

K K

K K K K

K K K K K

K K K K K

K K K K K

K K K K



( 4 . 4 )( 4 . 4 )

( 3 . 1 )( 3 . 1 )

( 4 . 1 )( 4 . 1 )

>  >  
( 4 . 8 )( 4 . 8 )

( 5 . 6 )( 5 . 6 )

( 5 . 5 )( 5 . 5 )

K K K

K K K K

K K

K K

K K K K K

K K

K K K

K K K K

K

K K

K K

K K K K K K

K K K K K K

K K K

K K

K K K K

K K

K K

K K K K

K K K K K

K K

K K K

K K K K K

K K K K

K K K K

K K

K K



( 4 . 4 )( 4 . 4 )

( 3 . 1 )( 3 . 1 )

( 4 . 1 )( 4 . 1 )

>  >  
( 4 . 8 )( 4 . 8 )

( 5 . 6 )( 5 . 6 )

( 5 . 5 )( 5 . 5 )

K K K K K K

K K K

K K K K

K K K K

K K K K

K K K

K K

K K K K K

K K K K K

K K

K K

K K K K K K K

K K K

K K K

K K K K K

K K K K K

K K K

K K

K K K

K K K

K K K

K K K

K

K K

K K K K

K K K K

K K K K



( 4 . 4 )( 4 . 4 )

>  >  

( 3 . 1 )( 3 . 1 )

( 4 . 1 )( 4 . 1 )

>  >  

>  >  
( 4 . 8 )( 4 . 8 )

( 5 . 6 )( 5 . 6 )

>  >  

( 5 . 7 )( 5 . 7 )

( 5 . 5 )( 5 . 5 )

( 5 . 8 )( 5 . 8 )

K K K

K K K K

K K K K

K K

K K K K K

K K K

K K K K K

K K K

K K K K

K K K K

K K K K

K K K

K K K K K

K K K K

K K

K K K K

K K K K

K K K

K K K K

K K K

K K K K

K K K

K K K K

K K K

nops(eqs);
4 5

nops( indets(eqs) ) ;
5 3

s o l  : =  s o l v e ( e q s ,  i n d e t s ( e q s )  m i n u s  { a } ) :



( 4 . 4 )( 4 . 4 )

( 5 . 1 1 )( 5 . 1 1 )

>  >  

( 3 . 1 )( 3 . 1 )

>  >  

( 4 . 1 )( 4 . 1 )

( 5 . 9 )( 5 . 9 )

>  >  
( 4 . 8 )( 4 . 8 )

( 5 . 1 0 )( 5 . 1 0 )

>  >  

( 5 . 6 )( 5 . 6 )

>  >  

( 5 . 5 )( 5 . 5 )

d e q  : =  s i m p l i f y ( n u m e r ( n o r m a l ( s u b s ( s o l ,  p [ 0 ] * y ( a ) + p [ 1 ] * d i f f ( y ( a ) ,  
a ) + d i f f ( y ( a ) ,  a ,  a ) ) ) ) ) ;

K K K

K K

y s o l  : =  r h s ( d s o l v e ( d e q ) ) ;
K

En regardant la valeur E(1) = 2 sqrt(3)/3, on obtient les constantes
ysol  :=  subs(_C1=2,  _C2=0,  ysol ) ;

K

p l o t ( y s o l ,  a = 0 . . 1 ) ;



( 4 . 4 )( 4 . 4 )

>  >  

>  >  

( 3 . 1 )( 3 . 1 )

>  >  

( 4 . 1 )( 4 . 1 )

( 5 . 9 )( 5 . 9 )

>  >  
( 4 . 8 )( 4 . 8 )

>  >  

( 5 . 1 3 )( 5 . 1 3 )

( 5 . 6 )( 5 . 6 )

( 5 . 1 2 )( 5 . 1 2 )

( 5 . 5 )( 5 . 5 )

https://dlmf.nist.gov/15.8#E13
z o f a  : =  s o l v e ( { z  >  0 ,  ( z / ( 2 - z ) ) ^ 2  =  ( - 4 * a ^ 2  +  4 ) / ( a ^ 2  +  2 ) ^ 2 } ,  z )
assuming a  >  0  and a  <  1 ;

K K K

y s o l f a s t  : =  s i m p l i f y ( s u b s ( z o f a ,  2 * h y p e r g e o m ( [ 1 / 2 ,  1 / 2 ] ,  [ 1 ] ,  z ) *
s q r t ( 1 - z / 2 ) / s q r t ( a ^ 2  +  2 ) ) )  a s s u m i n g  a  <  1  a n d  a  >  0 ;

K K K

K K

D i g i t s  : =  2 0 0 0 :



( 4 . 4 )( 4 . 4 )

( 5 . 1 4 )( 5 . 1 4 )

>  >  

>  >  

( 3 . 1 )( 3 . 1 )

( 4 . 1 )( 4 . 1 )

( 5 . 9 )( 5 . 9 )

>  >  
( 4 . 8 )( 4 . 8 )

( 5 . 6 )( 5 . 6 )

( 5 . 5 )( 5 . 5 )

CodeTools [Usage] (eva l f (eva l (yso l ,  a=1 /3 ) ) ) ;
memory used=0.56GiB, a l l o c  c h a n g e = 0  b y t e s , c p u  t i m e = 1 . 9 8 s , r e a l
t i m e = 1 . 4 4 s , gc t ime=838.12ms

1.8152744377064569105864556328513103824692505213350471340320\

172658589173600486769332528546069218201481196803477842875\

490661341215318366783465824875799630987863320919039921438\

782220553391628477576156539206053790157698469170746821995\

036986490371559617769339733795330946210455965421035600323\

816626696003017662093694694999380191762676952021801394985\

635969718044899193138741169898639457377591964312914895812\

090624277999136589312829024993034663072330788249618551149\

229919144870019630670888718290775199954100193040429677435\

140329861841348936631647821501704199218119446585037661101\

728157551135211827102243538566366916979952231043553857929\

034592206314682125644499989416419284422293659742923977717\

824322185019521396482476006840345105960317189504487296310\

279008688566760087450456831274212657678743751941052385632\

491491509360573252085347043739312596971664603450475117779\

291166230955034586146300421553037046562852515969548163782\

218309245296982744046436255494327926408591679065465631966\

948375041628434357271542565895731835362484735552026991427\

457960057985228208073452091921342266163589881320878766188\

506503482611038662547591976366153704646691529088244761787\

768339948340311759767784700177986474939404057544660347243\

146324535724397310116139923813795489770274966212220798791\

429735045669705559030174112290647849872266309066458515598\

771093341937444295978644021340046862309764720280456832700\

805932199130587797734433927471420290713910603760122613264\

726974637553241169672898866666766764463753087012443905996\

006051091712522193808331634025065470811338396799447476184\

301998963492250588207190323041594064759254145998797378534\

696850202231132325707337905331766687281225394732713747517\

233085958935528528949936979020233762587905697957980892431\

565077625047270263078176000790729915481099582925249527872\

116904235248741060663020604400965678017866432037007791056\

836997477793632916790419057409052102274430801434170491670\

510660116652461393184851628985775455257820540334121185818\

771676691834097718743668801427933235771120683546001545196\



( 4 . 4 )( 4 . 4 )

( 5 . 1 4 )( 5 . 1 4 )

>  >  

>  >  

( 3 . 1 )( 3 . 1 )

>  >  

( 4 . 1 )( 4 . 1 )

( 5 . 9 )( 5 . 9 )

>  >  
( 4 . 8 )( 4 . 8 )

( 5 . 1 5 )( 5 . 1 5 )

( 5 . 6 )( 5 . 6 )

( 5 . 5 )( 5 . 5 )

801

CodeTools [Usage] (eva l f (eva l (yso l fas t ,  a=1 /3 ) ) ) ;
memory used=1.23MiB, a l l o c  c h a n g e = 0  b y t e s , cpu  t ime=6 .00ms, 
r e a l  t i m e = 6 . 0 0 m s , g c  t i m e = 0 n s

1.8152744377064569105864556328513103824692505213350471340320\

172658589173600486769332528546069218201481196803477842875\

490661341215318366783465824875799630987863320919039921438\

782220553391628477576156539206053790157698469170746821995\

036986490371559617769339733795330946210455965421035600323\

816626696003017662093694694999380191762676952021801394985\

635969718044899193138741169898639457377591964312914895812\

090624277999136589312829024993034663072330788249618551149\

229919144870019630670888718290775199954100193040429677435\

140329861841348936631647821501704199218119446585037661101\

728157551135211827102243538566366916979952231043553857929\

034592206314682125644499989416419284422293659742923977717\

824322185019521396482476006840345105960317189504487296310\

279008688566760087450456831274212657678743751941052385632\

491491509360573252085347043739312596971664603450475117779\

291166230955034586146300421553037046562852515969548163782\

218309245296982744046436255494327926408591679065465631966\

948375041628434357271542565895731835362484735552026991427\

457960057985228208073452091921342266163589881320878766188\

506503482611038662547591976366153704646691529088244761787\

768339948340311759767784700177986474939404057544660347243\

146324535724397310116139923813795489770274966212220798791\

429735045669705559030174112290647849872266309066458515598\

771093341937444295978644021340046862309764720280456832700\

805932199130587797734433927471420290713910603760122613264\

726974637553241169672898866666766764463753087012443905996\

006051091712522193808331634025065470811338396799447476184\

301998963492250588207190323041594064759254145998797378534\

696850202231132325707337905331766687281225394732713747517\

233085958935528528949936979020233762587905697957980892431\

565077625047270263078176000790729915481099582925249527872\

116904235248741060663020604400965678017866432037007791056\

836997477793632916790419057409052102274430801434170491670\

510660116652461393184851628985775455257820540334121185818\



( 4 . 4 )( 4 . 4 )

( 5 . 1 4 )( 5 . 1 4 )

>  >  

>  >  

>  >  

>  >  

( 3 . 1 )( 3 . 1 )

( 5 . 1 6 )( 5 . 1 6 )

( 4 . 1 )( 4 . 1 )

( 5 . 1 7 )( 5 . 1 7 )

( 5 . 9 )( 5 . 9 )

>  >  
( 4 . 8 )( 4 . 8 )

( 5 . 1 5 )( 5 . 1 5 )

( 5 . 6 )( 5 . 6 )

( 5 . 5 )( 5 . 5 )

771676691834097718743668801427933235771120683546001545196\

789

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

nbiter := 0:

solveEnewt  := proc(val)

local a, delta, cur, E, Ediff;

global nbiter;

cur := 1/4.;

E := 4*EllipticK (2*sqrt(sqrt(-a^2 + 1)*a^2 + 2*a^2 + 2*sqrt(-a^2 + 1) - 2)/(a*sqrt(a^2 + 8

)))*sqrt(a^2 - 2*sqrt(-a^2 + 1) + 2)/(Pi*a*sqrt(a^2 + 8)):Ediff := simplify (diff(E, a)):

while true do

nbiter := nbiter + 1;

delta := eval((E-val)/Ediff, a=cur):

if abs(delta) < 10^(-Digits+3) then

break

else

cur := cur - delta:

end if:

end do:

return cur:

end:

D i g i t s  : =  1 0 0 0 ;

a3 := CodeTools[Usage](solveEnewt(2));
memory used=45.47MiB, a l l oc  change=32 .00MiB , c p u  t i m e =
353.00ms, r e a l  t i m e = 2 6 1 . 0 0 m s , gc t ime=142.42ms



( 4 . 4 )( 4 . 4 )

( 5 . 1 4 )( 5 . 1 4 )

>  >  

( 5 . 1 7 )( 5 . 1 7 )

( 5 . 2 0 )( 5 . 2 0 )

( 5 . 1 5 )( 5 . 1 5 )

>  >  

>  >  

( 3 . 1 )( 3 . 1 )

( 5 . 1 8 )( 5 . 1 8 )

>  >  

( 4 . 1 )( 4 . 1 )

( 5 . 9 )( 5 . 9 )

>  >  
( 4 . 8 )( 4 . 8 )

>  >  

( 5 . 6 )( 5 . 6 )

( 5 . 1 9 )( 5 . 1 9 )

( 5 . 5 )( 5 . 5 )

n b i t e r ;
1 0

e v a l f ( e v a l ( y s o l f a s t ,  a = a 3 ) ) ;
1.9999999999999999999999999999999999999999999999999999999999\

999999999999999999999999999999999999999999999999999999999\

999999999999999999999999999999999999999999999999999999999\

999999999999999999999999999999999999999999999999999999999\

999999999999999999999999999999999999999999999999999999999\

999999999999999999999999999999999999999999999999999999999\

999999999999999999999999999999999999999999999999999999999\

999999999999999999999999999999999999999999999999999999999\

999999999999999999999999999999999999999999999999999999999\

999999999999999999999999999999999999999999999999999999999\

999999999999999999999999999999999999999999999999999999999\

999999999999999999999999999999999999999999999999999999999\

999999999999999999999999999999999999999999999999999999999\

999999999999999999999999999999999999999999999999999999999\

999999999999999999999999999999999999999999999999999999999\

999999999999999999999999999999999999999999999999999999999\

999999999999999999999999999999999999999999999999999999999\

99999999999999999999999999920

e v a l f ( e v a l ( y s o l f a s t ,  a = a 2 ) ) ;
2.0000000000000498521930193770018463073092039047463966162828\

185241159719206608587498450497037558864730310019152180283\

854031725332364858104536756797893549671314624750355366721\

198239967013090299573099324300467226681014365546086284519\

676019302280543004642952746284066751921401552005987151272\

620112793514972660384397186958520682206656772091515099773\

291875194634316131670072162781217166198803870212758349243\

507735570627413915633454164290060067751631781095561926510\



( 4 . 4 )( 4 . 4 )

( 5 . 1 4 )( 5 . 1 4 )

>  >  

>  >  

( 3 . 1 )( 3 . 1 )

( 4 . 1 )( 4 . 1 )

( 5 . 1 7 )( 5 . 1 7 )

( 5 . 9 )( 5 . 9 )

>  >  
( 4 . 8 )( 4 . 8 )

( 5 . 2 0 )( 5 . 2 0 )

( 5 . 1 5 )( 5 . 1 5 )

( 5 . 6 )( 5 . 6 )

( 5 . 5 )( 5 . 5 )

076074494113313685246483066595883538322409825647567484412\

379485515595981281326222125643999280203229525706084425936\

177818020296424558185743319102982309299245770137801145463\

389330854763066467404597156902560757583317525825845441405\

159809128527217648467774746587983673055911051622665638943\

567868844973704753024379635118217666642394171654027413509\

634210949696636033591763592191124042047453706121153097455\

968037495775546486893698760837291711161341773644457632163\

427597805772757128452204832970757253821110144383958114486\

90130263459574126002085361254


