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A binomial identity

AN
P k n
How would you prove it?

Proof. Let [n] = {1,..., n}. There s a bijection between

(S C [2n] | #S = n} and {A, B C [n] | #A + #B = n}

S (SN [n],(S=n)N[n])
—_—— ——— —
lo(S) hi(S)

AU (B+n) < (A B)

Multiple binomial sums | Pierre Lairez

Page 1/44



A slightly trickier one

Sl =)

How would you prove it?
Proof. There is a bijection between

{S C [2n] | #s = n} and {A, B,C C [n] disjoint | #A + #B + 2#C = n}
s (lo(s) \ hi(S), hi(S) \ 1o(S),1o(S) N hi(S))
AU(B+n)UCU(C+n)« (A BCQC)
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A computer-aided proof (exercise)

Let u(n, k) = 2" () (Zkk). To find a recurrence relation of order one on ;. u(n, k), we

look for p € Q(n) and R € Q(n, k) such that
u(n+1,k) + p(n)u(n k) = R(k+ 1V u(n k+1) — R(k)u(n, k).

Divide by u(n, k) and we obtain
(n—2k)(n-2k-1) 2(n+1)
—+ :
4(k+1)2 n+1-2k p(n)
If there is such an R, its denominator is constrained! (See Abramov’s algorithm.) Indeed,
let A be the poles of R (in an algebraic closure of Q(n)). We have

Ac(A-npu{-1,2}andA-1C AU {Z, 2 21},

R(k+1) — R(k) =

It follows that A C {%1} Finer analysis of the exponents shows
that R(k) = S(k)/(n+ 1 — 2k),forsome S € Q(n)[k].
Let us switch to Maple.
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More identities (Brent, Ohtsuka, Osborn,
Prodinger 2014)

0 o 2 -
i o) o)1 =71 = #3052 )

2 3_ 2 _
o () G5)IP - P = i

3 (Zn)(Zn)|i7 _ .7| _2n%(531n°-1960n*+28001n>—1952n%+668n—90)
ij \nt+i) \ntj J1 = (4n—1)(4n—3)(4n-5)

Sy () (o) (@ = )l = 2R ()

2 2N\ 1.3 .3 - ony _ 2n*(n—=1)(3n°—6n+2) (2n) 2
Zij () G2 (@ = D) = F g5 ()

(

4n
2n

)
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A complicated one (Le Borgne)

1+ F 2 4 2F00 — o1 4 FLO _3pbly pl2 _ p31 4 3p32

n (n+2) ( n+2) ( n+2)
_ Fzs _ 2F3’2 n F3’3 _ Frsl,z — Z m ) \m+1) \m+2

= ey
n—1 d-a

where Fg? = 3 % (477) (o) (M2 ert) - (reari oot )
d=0 c¢=0

Automation is nice to have...
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Motivation from computer science

[50] Develop computer programs for simplifying sums
that involve binomial coefficients.
Exercise 1.2.6.63
The Art of Computer Programming
Knuth (1968)
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Motivation from number theory

Let {(3) = anl %
Can you prove that {(3) ¢ Q? (Apéry 1979)

Forn > 0, let

_Z( ) (n+k) and [, =lem(1,2,...,

There is some integer sequence (by,) such that b, — 21,a,{(3) — 0.

Itimplies that {(3) ¢ Q.

n)3.
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Desired algorithms for binomial sums

Deciding equality
input o (1 (") = i () () 2o ()

output true
Simplification
input XLy St (V) (5250)
output (2n+ 1)(n)2

Computation of a recurrence relation

k2
input Zk o (")
output n3u, + (n—1)3u,_y = (34n> = 51n + 27n — 5) u,—;
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1. Introduction

2. The algebra of binomial sums

3. Coefficients of rational functions

4. Univariate residue representation

5. Multivariate residue representation
5.1 Automatic simplification
5.2 D-finiteness

6. Let’s solve a problem
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The algebra of binomial sums

The formal grammar of binomial sums

— integer linear combination of variables

S

)

_>( ) [ ]-ost

-0 U-UU

2
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The algebra of binomial sums
Let S be the algebra of functions zN) - C.
The algebra of binomial sums, denoted B, is the smallest subalgebra of S such that

(a) The Kronecker delta sequencen, ... — &y,
definedby 8o = 1and 8, = 0if n # 0,isin B.

(b) The geometric sequencesn, ...+ C" forallC € C\ {0}, arein B.
(c) The binomial sequence n, k, ...+ (})isin B.

(d) IfA:Z% — Z¢isan affinemapandifu € B,
then ny, ny, ... = w(n,,...ny)0.. 15N B.
(e) If u € B, then the following directed indefinite sum isin B:

m

ny,...,ng, m,...— Z unl,”_,nd,k.
k=0
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Main result

Theorem

Let u be a binomial sum. Then (u,)nez is P-recursive.
In other words, there are polynomials py, . . ., py, not all zero, such that

PO(n)un +P1(n)un+1 +-- +Pr(n)un+r =0.

Moreover, this result is effective: there is an algorithm to compute a recurrence relation
as above.

Corollary

Equality of binomial sums is decidable.

A. Bostan, P. Lairez, B. Salvy (May 1, 2017). “Multiple Binomial Sums”. In: J. Symb. Comput. 80,
pp. 351-386. DoI: 10/ggck6p
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3. Coefficients of rational functions
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Laurent series

For afield K, let K((x)) = Unsox VK[ x]), the field of Laurent series over K.
Itis afield. Why?

We will work in the field of iterated Laurent series

C(x1s - -+, xn) = C(x0) ((xn-1) - - - ((x1)).
It means: expand first with respect to x1, then x,, etc.

Foramonomialx* = x --- xy"and R € C((xy, . . ., x,)) we denote [x*]R the

1
coefficient of x;," in the coefficient of x"" of [...] the coefficient of x;" in R.

n—1

C(x1,...,%xp) € C((x1,-..,x4)), so we now know what is the coefficient of a monomial
in a rational function!

Multiple binomial sums | Pierre Lairez Page 14/44



Exercise

What is the coefficient of 1in —=—?
xX1+x2

What is the coefficient of 1in =22
X1+X2
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An intermediary representation

Every binomial sum is a linear combination of sequences of the form

ny, Ng, ... [1]R()R?l . 'de,
forsomeRy,...,R; € C(xy,...,xy).

Proof?
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Residues and diagonals

ForRe C((t,x1,...,xpn)), let

I€Sxy,...x, R= Z ([xl_l HE X,;ltk]R) tk.
keZ
ForR € C[[xo, - .., x4], let

diagR = Z ([x(’f---x,]f]R) t*.
kezZ

diag R = resy, _x, R
xl PR xn xl ..
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Coefficient representation of binomial sums

Theorem (Bostan, Lairez, Salvy 2017)
Let (uy)n>0 be a sequence and let f (t) = 3., unt" its generating function. The following
are equivalent:

1. (uy) is a binomial sum;

2. f(t) =resy, x, R forsomeR e C(t, xi,...,Xxn);

3. f(t) = diag R, forsome R € C(xy, - .., x,) N C[[ xo, - . ., x, ]
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A class of formal power series with interesting
closure properties

Let D C C[ t]| be the set of all diag R for some rational power series R(xy, - - - , Xp)-
Then
* PDisasubalgebra
Proof. diag(R(xo, . - ., x,)) diag(S(yo, - - ., ym)) =
diag(R(Xoy1 - * Yms X1, - - -5 Xn) S(X0 * * * Xy V15 - - +» Ym))
¢ PDisclosed under Hadamard product
Proof.
diag(R(xp, . .., xp)) © diag(S(yo, - - -, ym)) = diag(R(xo, - - ., X0)S(Yos - - -» Ym))
* P is closed under differentiation
Proof. (diag R(xp, . . ., x,))" = diag ( 1 aR)

X1+ Xn 9Xp

¢ P contains only D-finite element (Christol 1985; Lipshitz 1988)
* P all algebraic power series (Furstenberg 1967)
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4. Univariate residue representation
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Univariate residues are algebraic

Theorem

Let R € C(t, x). The Laurent series res, Ris algebraic: there is a non zero
polynomial P(t, y) such that P(t,res, R) = 0.
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Example from combinatorics: rook paths

[S) (7:1 )

-~

a;j = number of paths from (0, 0) to (i, )

[3,]

Easy recurrence relation:

1 A v aj = Z aij + Z aik

k<i k<j

2

(0,0) ! What about a,, ,?
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Recurrence relations (also in higher dimension)

* dimension 2
9nu, — (14 +10n)tpy1 + (2+ n)tpy =0
* dimension 3
—192n*(1+ n)(88 + 35n) u,
+(1 + n)(54864 + 1005867 + 59889n% + 11305n°) uy1q
—(2 + n)(43362 + 63493n + 30114n° + 4655n°) Ups2
+2(2+n)(3+ n)%(53 +35n) tiny3 = 0
* dimension 4
5000n° (1 + n)? (2705080 + 3705334n + 1884813n% + 4215901 + 34983n*) u,,
—(1+ n)%(80002536960 + 2829700759281 + - - - + 6386508141n° + 393838614n" ) tps1
+2(2 + n) (143370725280 + 500351938492n + - - - + 2636030943n” + 131501097n8) Unt2

— (3 + n)? (26836974336 + 801917458001 + 100381179794n% + - - - + 441485461 ) tps3
+2(3+ n)%(4 + n)3 (497952 + 10605461 + 829941n* + 281658n° + 34983 ) upq = 0
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Dimension 2

1
_Zak1+2a,k:>Za,Jx p L

k<i k<j i,j>0 -x 1=y
n : 1
Zan’"t = diag 1— X _ Y
n=0 1-x 1-y
(1-x)(t-x)
=Tres

* x(3tx — 2x2 — 2t + x)

Sl

n
11 1-1t
2

2V1 — 10t + 9¢2
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Hermite’s reduction

Forany R € C(t, x), resy g—f =0.

Forany R = a/b" € C(t, x), thereis a unique polynomial ¢ € C(t)[x] such
that deg, ¢ < deg, band

_c+8A
b ox

forsome A € C(t, x).

R
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Computing Hermite’s reduction

input a/bN € C(t,x) with g, b € C(t)[x] and bsquarefree
output ¢ € C(t)[x] suchthat 2.5, o4 forsome A € C(t, x)
N b ox
1. procedure HermiteRed(a/b"N)
2 if N = 0 then
3 return 0
4 elseif N = 1 then
5: compute the Euclidean divisiona = gb + r
6 returnr/b
7 else
8

compute u, v € C(#)[x] such that a = ub + v2&

Ix

t H iteRed 4 + ! 1 ov
o return HermiteRe —
bN-1 N —1bpN-19x
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Computing univariate residues

1:
2
3
4:
5
6

o

input a/bN € C(t,x) with a, b € C(t)[x] and bsquarefree
output a differential equation for res, %

procedure ResidueToDiffEq(a/bY)

r—=2o

¢y < HermiteRed(a/bN)

while ¢, . . ., ¢, are linearly independent over C(t) do
re—r+1

¢ < HermiteRed (£ %)

compute py, . . ., pr € C(t), notall zero, with 337_; pi(t)ci(t, x) =0
return p, ()" + -+ p(1)y + poy =0
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5. Multivariate residue representation
5.1 Automatic simplification
5.2 D-finiteness
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Inverse of a Laurent power series

We say that a monomial xg’ .-+ x;" is small if the first nonzero exponent i is positive.
Given two monomials m and n, we say that m < nif the monomial m/nis small.
K<< X< <X <X <x < <I<al<oo<xgl <GP

For a Laurent series R € C((xy, . . ., X»)), let Im(p) be the largest of its monomial.

LetR € C((xo, . .., Xn)).
1
If1 1, th = k.
m(R) < ,ten1 R ZR

1 1
If1 1, th =—— e
m(R) > ,tenl_R RZR
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Simplification of residues

LetR = r"p)k,with ap e C(txy,...,Xi—1, Xi+1, - - -» Xn). Then

0 ifk>1orlm(p) > x;
resy, R = )
a otherwise.

LetR= a/b € C(t,xy,...,x,) such that the denominator b factors into factors of degree
at most one with respect to x;. Then there is a rational function
SeC(t,x1,...,Xi—1, Xi, . . ., Xp) Such that

I€Syx,,...x, R= TSy, .. xiXi—1,....%n S.

Very effective in practice!
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A recent example

Problem

C. Koutschan, E. Wong (Sept. 1,2021). “Creative Telescoping on Multiple Sums”. In: Math.Comput.Sci.
15.3, pp. 483-498. pol: 10/gkc49d
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Residues of rational functions are D-finite

LetR € C(t,xy,...,x,) and f(t) = resy, ., R. Then f is D-finite: there exist
polynomials py(?), ..., pr(t), not all zero, such that

pa(f D () + -+ pr(B)F () + po(DF (D) = 0.

And there is an algorithm to compute them.

Corollary

If (un)n>0 is @ binomial sum, then it is P-recursive: there exists
polynomials go(n), ..., g-(n), not all zero, such that forany n > 0

g(nu(n)+qg(nu(n+1)+...+q(nNu(n+r) =0.
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A computational handle on residues

Forany Ay, ..., A, € C(t, x1,...,Xp),

0A; 0A,
o |+ -+ =0.
"\ 9xy oxy,

.....

Corollary

LetR € C(t,xy,...,%,) and f(t) = resy, xR Letpy,...,p, € C(2)
andAl,...,A,, € C(t,xl,...,xn).

Zpk( )atk = Z ’::” = Zr:pk(t)f(k)(t) = 0.
! k=0

=1
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Proof (Lipshitz 1988)
LetR=% e C(t,xy,...,%y). Let § = max(deg, a, deg, p).
be C(t)[xl,...,xn]sN(g}
Let Dy = {% a+pi+--+ B sN—l} CVn

dime ) Vi = (V") ~Noeo 1 (NO)"and #Dy = (37) ~Noeo V™!

Sodim Vy = o(#Dy) as N — 0.
* Forsome N large enough, the elements of Dy are not linearly independent. So

* et VN = {p—N

+p
there are some Cap € C(t) such that (=) Zaﬁ Ca,p ‘iaafz = 0.
® Then
R ~nal...]
t = .
za: Ca,O( )ata ; ox;

* Therefore, resy, . x, Ris D-finite. Wait... really?

.....
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Proof, a small fix
It may be possible that all the ¢, are zero, in which case we cannot conclude
thatresy, . x, Ris D-finite.

There is some (y1, . . ., yn) such that multiplying () by xi" e x;;" (and permuting with
the derivations in an appropriate way), produce a relation with some ¢, o nonzero.

But | skip the details here. The important argument is the dimension counting.
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Exercise

Find what is

i)

k=0

Tous les moyens sont bons !
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6. Let’s solve a problem
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1D walk, warm up
Leta € [0,1].
(Xn)n>0 random walk in Z:
. _ ] Xa—1 with probability 14
m X, +1 with probability %
® The steps X,,+1 — X, are indepedent.

Find a such that

E()) € E[#{n| X, = Xo}] =2

Multiple binomial sums | Pierre Lairez

Page 38/44



A counting formula

E(a) = ) P [X, = X]
n=0

NW[EXNE)

1
a
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The 2D problem

Leta € [0,1].

(X1)n=0 @ random walk in Z?2:

X, —(0,1) with probabilityz—l1
X, +(0,1) with probability }1
Xn — (1,0)  with probability 1%
X, +(1,0)  with probability 174

* The steps X,+1 — X, are indepedent.

® Xp+1 =

Find a such

E()) € E[#{n| X, = Xo}] =2
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A counting formula

def

E@) £ ) P [X: = X
n=0

-SEE0 e Y 06

=7

Compute a thousand digits of the solution of the equation E(a) = 2 in second!
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Method 1 (naive)

1. Chose some big enough N.

2. Compute the polynomial

SOEMHIESEES TN

n=0 k=0

3. Compute the root (?) of the equation Ex(a) = 0 in the interval [0, 1].
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Method 2 (fast evaluation + dichotomy)
1. Find arecurrence relation on the p,(a), where

def on) = (n\2 (1+a\ (1= a\*(1\"F1\"F
wotasenr- IS 3 L

k=0

This relation makes it possible to compute E(a) numerically efficiently.

2. Solve E(a) = 2 by dichotomy.
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Method 3 (analytic formula + Newton iteration)

1. Wefind (!) that

4K 2(1—a2)%
a?4+2V1—-a?+2
77,'\/612+2V1 —a?+2

where K is the elliptic integral of the first kind.

E(a) =

2. Apply the Newton iteration,

E(a,) —2

Any1 = dn — E(ay)
n

which will converge very fast to the solution.
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