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Results

Proposition

» Formula of size s ~» Determinant of a matrix of dimension
(s+2) [Valiant'79]
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Formula of ~~ Determinant of a matrix of

(s+1) [Liu-Regan’06, G.-Kaltofen-Koiran-Portier’11]
Weakly-skew circuit of with ~» Determinant of a
matrix of [Toda’92, Malod-Portier’08]
Determinant ~» Skew circuit of

[Mahajan-Vinay'97]
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Clows and the determinant

Definition
Llet G = (V,A), V={1,...,n}

> Clow C: vi > vy — - =V = Vi1 =W
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(viavi-q-]) € A fOF all i
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Definition
Llet G = (V,A), V={1,...,n}

> Clow C: vi > vy — - =V = Vi1 =W

h(C):=v; <v; forall i>1
(viavﬂ-]) € A fOF all i
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current vertex visited arcs
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Theorem
There exists a branching program of size

[Mahajan-Vinay'97,G.’12]
»

§n3 + o(n3) for the
)

determinant (n x m), with %n“ + o(n”) arcs.




Branching Program for the Permanent
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perA= Z HAi,O‘(i)

oeG, i=1

Bruno Grenet 10/ 19




Branching Program for the Permanent

n
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n
perA = Z HAi,cr(i)

O'E@ni:1
a bic
per|d e f| =aei+bfg+cdh+afh+bdi+ceg
g I i
Theorem [G/12]

There exists a branching program of size 2™ repre-
senting the permanent of dimension n.




Permanent versus Determinant
Corollary

The permanent of dimension 1 is a projection of the determinant
of dimension N = 2™ —1.
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Corollary

The permanent of dimension n is a projection of the determinant
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Corollary

The permanent of dimension n is a projection of the determinant
of dimension N =2" — 1.

Qg id g 0020

O 0L 0 8 R (O

ah g OO 2 00

per | idi vesa it [issidet 0 O 0y e 00 f
gic v ee=0 001 020

hot0 000 0.4 0

big 0 000

Conjecture [Algebraic P # NP]

The permanent of dimension n is not a projection of the deter-
minant of dimension N = 2°(™),

Note. Best known lower bound: n?/2 [Mignon-Ressayre'04]



Results

Proposition

» Formula of size s ~» Determinant of a matrix of dimension
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Corollary

The determinant of dimension n is a projection of the symmetric

n3 +o(n3).
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determinant of dimension




SDR in characteristic 2

Theorem [G., Monteil, Thomassé’13]

There are polynomials without SDR in characteristic 2, e.g. xy+z.
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Theorem [G., Monteil, Thomassé’'13]

There are polynomials without SDR in characteristic 2, e.g. xy+z.

A polynomial is said representable if it has an SDR.

Determinant in characteristic 2 of symmetric matrices

Jn = Involutions of {1,...,n}
n
detA = Z HAi,G(i)
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Representable polynomials

Lemma

» P and Q are representable = P x Q is representable.
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Lemma

> P and Q are representable = P x Q is representable.

» For all P, P2 is representable.

Theorem

L(X7yeeeyXm) = P% + X1 P12 + - 4+ xm P2, is representable.
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Theorem

If P is representable, then

P=1L;x---xLmod (x5 +03,...,x% + )

where the Li's are linear. (linear = degree-1)

it o e T X [FEx
xz+y —det<y z) _de‘[<1 Z) _det<1+x x+z>

: Wi 0l 3 2 2
_det(O x+z> =xlat 2imod (X ol oysiLl 2s e

{Such a P is said factorizable modulo (x3 + €3, ...,x2, + €2). }




Multilinear polynomials

Theorem

Let P be a multilinear polynomial. The following propositions are
equivalent:

(1) P is representable;

(ii) Ve, P is factorizable modulo (x§ 4+ €3,...,x% +€2.);

(i) 3¢, P is factorizable modulo (x3 + €3,...,x2 +(2).
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Theorem

Let P be a multilinear polynomial. The following propositions are
equivalent:

(i) P is representable;
(i) V¢, P is factorizable modulo (x? + €3,...,x2 + €2 );
(iii) 3¢, P is factorizable modulo (x3 + (3,...,x2 +{2).
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Is xy + z representable?
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Is xy + z representable?
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Is xy + z representable?

1) x - x( 1)
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Finding a factor

Is xy + z representable?

linxy+yz+y+z+1)=y+z+1
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Finding a factor

Is xy + z representable?

linxy+yz+y+z+1)=y+z+1

Theorem

Under suitable conditions, P is factorizable if and only if

. 1
P= an(P) X ZTl mod <X~|,...,Xm>,

where a;x; is a monomial of lin(P).

Bruno Grenet 1819
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Main open question [Algebraic “P = NP?"]

What is the smallest N s.t. the permanent of dimension n is a
projection of the determinant of dimension N?




