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Action of Matrix Groups on Polynomials

G C GL,(K) acts on K[xi,...,x,]: for A€ G, fA(x) = f(A.x)
with x = (x1, x2, . . ., Xn).

Example

| A

010
c=(123)= | 0 0 1
1 00
X1 X2
g X2 = X3
X3 X1

(x2x2 + x3)7 = x3x3 + x1
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Local Global

Stable Ideal
fel,LAeG=fAel

Stable Equations

VAEG fA=f =

Groups with small /v@
: K\Gn, Blocks of variables:

number of Invariants: Vortex || . .
Invariant Theory Problem Divided Differences

Groups with Reflections:

AT Split the System

Subgroup of &,: Abelian Groups:

SAGBI Bases Diagonalization
[Complexity| [Dedicated Algorithms|  |[Complexity|

[I[mplementation|  [Pbs in Poly-time]

[Solve intractable Problems|
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Vortex Problem: A Symbolic Approach.

Jean-Charles Fauggére, J.S.

ISSAC 2012

5/48



)
c
©
S}
=
j -
S
I

6/48



7/48



Invariance under Gy
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Invariance under Gy

Action of &y : 0(z) = z,(;) for all i. For any o, 7 = f,(;).

1

Invariance under complex conjugation

(z1,...,2n) solution = (Z1,...,Zy) solution.
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452,22 =3, >..Zizz—9=>,Z =0 (Degree 1, 2, 3).

New Invariants

N N N N
Sk = ZZ,-k Sk — Z Z,-k ry = ZZikZ,' Rk = ZZ,'Z;k
=l i=1 i=1 i=1

J/

N
Newton sums

8/48



Divided Differences

N = 3: Equations
U = Zl(Zl = 22)(21 = 23) — 221 +2z+ z3 of degree 3 (6 equations)

N = 3: Divided Differences

452,22 =3, >..Zizz—9=>,Z =0 (Degree 1, 2, 3).

N N N N
S = ZZ,-k Sk = Z Z,-k r = ZZikZ,' Rk = ZZ,'Z;k
i=1 i=1 , i=1 i

Newton sums

Theorem: Vortex Problem Equations
k—1

For each k, 2r, = Zs,—sk,l,,- — ksk_1 and same equation with
i=0

z Z.

A\
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Removing Capital Letters

Equivalent problem : use of the & y-symmetry

Find all solutions (z1, ..., zy)

< Find all possible symmetric functions (ey, ..., ey) of the z

& Find all polynomials @ = xN + exxN=2 ... + (—=1)Vey
with Disc(Q) # 0
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< Find all possible symmetric functions (ey, ..., ey) of the z

& Find all polynomials @ = xN + exxN=2 ... + (—=1)Vey
with Disc(Q) # 0

Q = [[(x — z) solution of Vortex Problem <= Vi z = & (2

T 2Q(z)”

Y Plug z, = 206;/,((2)) in the invariant equations !
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Removing Capital Letters: Example N =3

N = 3: Inverse of Q" with Q = x3 + exx — e3

Q'(x) x (—6exx® — 9e3x — 4e2) = 1[Q]
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Removing Capital Letters: Example N =3

N = 3: Inverse of Q" with Q = x3 + exx — e3
Q'(x) x (—6exx?® — 9e3x — 4e§) =1[Q]

N = 3: Mix both equations

43" 72z =3 and Z = L (7)., Disc(Q)eres = 0
i 2Q/(z)

N = 3: Solve the equations
e #0and e3=0o0r e =0and e3 A0

N = 3: Recover Solutions in z;, up to symmetries

Two Solutions: regular triangle or three aligned points.
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Example N =4

N = 4: Reformulation in term of ¢;

es(es +12e4)2 =0
ex(es — 16e3es + 9eres + 48e3) =0
16e5eq — 4e3e2 — 128e3e? + 144eredes — 275 + 256€3 # O




Example N =4

N = 4: Reformulation in term of ¢;

63(622 = 1264)2 =0
ex(es — 16e3es + 9eres + 48e3) =0
16ejeq — de3e3 — 128e3ef + l44ere3eq — 27€5 + 256€; # 0

4

N = 4: Solutions

® °
o o e O ® © 0 o
o ® Roots of z* — 3z% 4 3/4
Roots of Roots of
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Example N =4
N = 4: Reformulation in term of ¢;

63(622 = 1264)2 =0
ex(es — 16e3es + 9eres + 48e3) =0
16ejeq — de3e3 — 128e3ef + l44ere3eq — 27€5 + 256€; # 0

N = 4: Solutions
® o

® o e O ® © 0 o
o ® Roots of z* — 3z% 4 3/4
Roots of Roots of
4 _1 A=

v

N = 4: Naive Approach
s 205 Polynomials in the DRL Gb of Max Length 111, Degree 6.




Experimental Results

Direct Approach : Obtain a Grobner Basis, with zy = Z; = 1.

3 4 5
Q |0.02s]|176.8s | 0o
IF65521 0.01s 0.2s 0

Time to generate the symmetric system

4 5 6 7 8
Magma | 0.0s | 0.0s | 0.06s | 70.6s | 7649.6s
Maple | 0.0s | 0.2s | 0.9s | 41.9s | 2407.3s

Time to solve the symmetric system (Magma)

4 5 6 7
Q [0.02s|0.10s | 297s | oo — 20mn (FGb)
Fess21 | 0.00s | 0.025 | 3.9s | 1681s — 144s (FGb)

A
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SAGBI Bases and Polynomial Systems with Stable
Equations.

Jean-Charles Faugére, Guénael Renault, J.S
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SAGBI Bases and Polynomial Systems with Stable Equations

@ In this talk: G C &,,, char(K)1{|G|.
o fi,....,fr €K[x,...,x,]¢ generating /.
e Aim: Computing V' = V/(/) faster than with usual algorithms.
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SAGBI Bases and Polynomial Systems with Stable Equations

Aim
@ In this talk: G C &,,, char(K)1{|G|.
o fi,....,fr €K[x,...,x,]¢ generating /.

e Aim: Computing V' = V/(/) faster than with usual algorithms.
Work in R® = K[xq, ..., x,]° instead of R = K[xq, ..., xn]-
16 :={f,..., k)ge

15/48



Use Structure to reduce the size of the matrices

System ~ GB DRL = GB LEX
| System |——————{GB DRL}—— - —{GB LEX]
e Compute

o Compute Macaula . .
P y Multiplication matrices

Matrices
. Use maps
@ Use Grading °
R/l — R/I
R=®qRy / /

f —> NF(fX,‘,gDRL)
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Use Structure to reduce the size of the matrices

System ~ GB DRL = GB LEX
| System |——————{GB DRL}—— - —{GB LEX]
e Compute

o Compute Macaula . .
P y Multiplication matrices

Matrices
@ Use Grading ° U;f;/maf R/l
R= EBde f —> NF(fX,‘, QDRL)
Ideal in RC:
) RG = EBdeG

@ SAGBI-Normal Form.

@ Smaller matrices !
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Reynolds Operator: G C &,

Definition
Since char (K) 1 |G|, R(f) = ‘—é| > acg f* defined a projection
from Ry = Ky[x1,...,Xxs] to RS = Ky[x1,...,x,|¢ for each d.
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Reynolds Operator: G C &,

Since char (K) 1 |G|, R(f) = ﬁ > acg f* defined a projection
from Ry = Ky[x1, ..., xs] to RS = Ky[x1,...,x,|¢ for each d.

v

Properties [Sturmfels08, Kemper & Steel98]

o {3(m) | m monomial of degree d} is a basis of R.
o dim R ~ dim Ry/|G|

Cyclic-5, < = DRL-ordering

A=x1+x+x3+x1+ x5

fr = x1x2 + XoX3 + X3X4 + X4Xs5

f3 = x1Xx0X3 + XoX3Xa + X3XaX5 + XaX5X1 + X5X1X2

fa = X1X20X3X4 + X2X3X4X5 + X3X4X5X1 + XaX5X1X2 + X5X1X2X3
f5 = X1X2X3X4X5 — 1
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Reynolds Operator: G C &,

Since char (K) 1 |G|, R(f) = ﬁ > acg f* defined a projection
from Ry = Ky[x1, ..., xs] to RS = Ky[x1,...,x,|¢ for each d.

v

Properties [Sturmfels08, Kemper & Steel98]

o {3(m) | m monomial of degree d} is a basis of R.
o dim R ~ dim Ry/|G|

Cyclic-5, < = DRL-ordering

fi = 5R(x1) Very Compact Representation !
fr = 5R(x1x2)

f3 = 5%(X1X2X3)

fa = 5R(x1x2x3X4)

f5 = §R(X1X2X3X4X5) - §R(1)
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Reynolds Operator and SAGBI-Bases in R®

@ G Grobner Basis of /, ideal of R = K|xy, ..., x,] for <, iff

Viel 3geG  LM<(g)|LM<(f)
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@ S SAGBI-Grdbner Basis of /¢, ideal of R® = K[xy, ..., x]¢
for <, iff
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@ Notion of SAGBI-Top reduction.
@ ~ SAGBI-Full reduction
@ ~» SAGBI-Normal Form.
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Matrix Fs-algorithm

19/48

Equations : f1,...,f;. f; of degree d..

for d = d; to D do
fori=1to tdo

My ; = Row-Echelon mflﬂ’fd,' f

mgfd" f;
end for
end for
mj‘-’: monomials of degree < d.
m?~%: monomials of degree < d — d;, except those in LM(Mg_g; i-1) -

J

Fs-criterion



-Matrix Fs-algorithm

19/48

Equations : fi,...,f. f; of degree d; in R°.

ford = d; to D do
fori=1to tdo

= p
Mg,i—1

Wi = Row-Echelon %(mf*d )f

R(my=")f

end for

end for
m¢: monomials of degree < d such that {R(m?)} basis of Ry .
ch_i_d,: monomials of degree < d — d;, such that {%(m}f—d;)} basis of

Rded,v' except those in LM(Md/__\d_,;_l).

SAGBI — Fg-criterion




Complexity

Theorem : Dimension of ring of Invariants

D, dimRS L
2 o dim Ry D—+oc |G

4

Theoretical Complexity of SAGBI-Fs

@) (ﬁ(Dg")w), to obtain a SAGBI basis up to degree D of
<f1,...,ft>RG.

A\
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Grobner Basis in K[oy, ..., 0]

@ SAGBI-Fs allows us to compute a SAGBI-Grobner basis of /¢
up to some degree D.
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Grobner Basis in K[oy, ..., 0]

@ SAGBI-Fs allows us to compute a SAGBI-Grobner basis of /¢
up to some degree D.

o /\ SAGBI Bases are not finite in general.

o ‘U The symmetric functions o;j(x1, .. ., xn) belong to RC.

@ =" Use the SAGBI Basis up to degree D to compute
SAGBI-Normal Forms of symmetric polynomials in
Kixt, ..., xa]® = K[o1,...,0,] of degree less than D with
respect to /¢, and look for a Grébner basis.

21/48
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= Lex= Lexicographic ordering in K[ey, ..., e].
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; Xn]

SAGBI Grébner basis up to

degree D of /¢ in R for <

SAGBI-FGLM

Y

D+~ D+1
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General Strategy

<=DRL ordering in R = K[xq, ...
== weighted DRL ordering in Kley, ..., ep]
= Lex= Lexicographic ordering in K[ey, ..., e].

I =(f,....f)
D = min {deg(f;)}

SAGBI-Fs

; Xn]

SAGBI Grébner basis up to

S P\Gg\f FB

degree D of /¢ in R for <

SAGBI-FGLM

Y

D+ D+14

22/48

if not zero-dim

The elements of degree at most D
of a Grobner Basis for <, of
((1‘17...,&)+(e,-—a,-))ﬂ]K[e1,...7en]




General Strategy

22/48

<=DRL ordering in R = K[xq, ...
=w= weighted DRL ordering in K[ey, ...
=Lex= Lexicographic ordering in K[ey, ...

I =(f,....f)
D = min {deg(f;)}

SAGBI-Fs

; Xn]

s en]
, €.

S P\G%\f FB

SAGBI Grébner basis up to
degree D of /¢ in R for <

SAGBI-FGLM

Y

D+ D+14

if not zero-dim

The elements of degree at most D
of a Grobner Basis for <, of

((f, ..

.,ft>+(e,-—a,-))ﬂ]K[e1,...7en]

if zero-dim :
FGLM

(A, ..

A Grobner Basis for <[ of
,f;_»> +(e,-—0,-))ﬂK[e1,...7e,,]




General Strategy

22/48

I =(f,....f)
D = min {deg(f;)}

<=DRL ordering in R = K[xq, ...
=w= weighted DRL ordering in K[ey, ...
=Lex= Lexicographic ordering in K[ey, ...

SAGBI-Fs

; Xn]

s en]
, €.

D+ D+14

S P\G%\f FB

SAGBI Grébner basis up to
degree D of /¢ in R for <

SAGBI-FGLM

Y

Variety V(/) |«

if not zero-dim

Remove spurious

The elements of degree at most D
of a Grobner Basis for <, of

((f, ..

.,ft>+(e,-—a,-))ﬂ]K[e1,...7en]

if zero-dim :
FGLM

solutions

(A, ..

A Grobner Basis for <[ of
,f;_»> +(e,-—0,-))ﬂK[e1,...7e,,]




Example: Cyclic-b Problem

fl = 5%(X1)
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f4 = 5§R(X1X2X3X4)

fs = R(x1x2x3x4x5) — R(1)

o G=C5 C G5, 6 = i—th symmetric function in (xg,...,xs).
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fs = R(x1x2x3x4x5) — R(1)
o G=C5 C G5, 6 = i—th symmetric function in (xg,...,xs).
@ SAGBI Basis in Degree 8 for DRL ordering : 99 polynomials.
o w-DRL &,,-Grobner Basis:
e3+5e3°, e%e3—25e, 0632 —25 63,33 +5 62, €1, €4, 5 — 1
@ Lex &,,-Grdbner Basis:
es — 1, e1,e3(€3 +5°) e3,125e2 + €5, €1
@ 6 solutions in (e&);~ at most 6 x 5! = 720 solutions in V(/)

o =~ Removing spurious solutions: Only 70 solutions !
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Extensions

@ This approach can be used with any Group.
@ Both Modular and Non-modular Cases.

@ Can be generalized to other algebras.
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Grobner Bases of ideals invariant under a
commutative group : the non-modular case.

Jean-Charles Faugére, J.S.

ISSAC 2013
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Contributions

Local
Stable Equations 1
VAeG fA=f ] fel,

Global

Stable Ideal
AcG=fAel

Groups with small /@&\

number of Invariants:

Divided Differences

S,

Invariant Theory

Groups with Reflections:
Split the System

Subgroup of &,: Abelian Groups:
SAGBI Bases Diagonalization

/
[Dedicated Algorithms|

[Complexity|

[Implementation|

[Pbs in Poly-time|

[Solve intractable Problems|
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Example : Problem invariant under G, x G4

0 1/0 00 0 1 0/000 0
1 0/000 0 01/00 00
0 0/1000 0 0/0 100
Mi=1490lo100]|™"=|90l001 0
00/0010 00/000 1
0 0/000 1 00/1000

G = (My, My) acts on R = F17[x1, x2, X3, Xa, X5, X6]. My exchanges
x1 and xo and M, performs a cycle on (x3, x4, x5, X6)-

fi =Random polynomial of degree 2, f1M2 =f.
f» =Random polynomial of degree 3, f2M1 = f.

27/48



If you insist...

i = x12 + 11x3x0 + 5X22 +4x1x3 + 11xox3 + 4x§ 4+ 4x1x4 + 11x0x4 +
X3X4 + 4xf 4+ 4x1 x5 + 11x0x5 + 6x3X5 + X4.X5 + 4X§ +4x1x5 + 11x0x6 +
X3X6+06Xx4X6+X5Xp +4X§ +14x14+10x0+15x34+15x4+15x5+15x6+ 14

fr = Xf + 11x12x2 + 11X1X22 + XS + 7X12X3 + 14x1x0x3 + 7X22X3 +
5x1x§ + 5X2x32 + 16x33 + 16x1x0x4 + 13x1x3x4 + 13x0X3X4 + 6x32X4 +
7X1X§ + 7X2XE + 12X3Xf + 13Xf + 13X12X5 + 6x1X0x5 + 13X22X5 +
15x1x3x5 + 15x0Xx3X5 + X§X5 4+ 9x1 X3 X5 + IxoXa X5 + 2XEX5 + 2x1x52 +
2x2X52 + 13X3x52 + 9X4X52 + 3X12X6 + X1X0X6 + 3X22X6 + 9x1x3%5 +
IxoXx3X6 + 4x§x6 + 5x1x3 X6 + 5x0 X4 X6 + TX3X4 X6 + 7x§x6 + 5x1 x5 X6 +
5x5 x5 X6 + X3X5X6 + 16X4X5X5 + 15X52X6 + 15X1X62 + 15X2X62 + 14X3X62 +
11X4xg + 9X5X62 + 2xg’ + 13x1x0 + 6x1x3 + 6x0%3 + 4x§ + 4x1x4 +
4xoxs4 + 9x3x4 + SXE + 13x1x5 + 13x0x5 + 12x3x5 + 6X52 + 9x1x5 +
Ox2x6 + 15x4x6 + 5x5x5 + 8x62 +8x1 +8x2 +x3+3x4 + 10x5 + 16x5 + 3

I = (f1, flMﬁ f, f2M2, sz22, f2M§> is a (globally) G-stable ideal.

28/48



Reducing the problem to the case of diagonal groups

G finite abelian subgroup of GL,(K), char(K) { |G|, | a G-stable
ideal.
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G finite abelian subgroup of GL,(K), char(K) { |G|, | a G-stable
ideal.

o A6l = | VA e G ~~ Every matrix of G is diagonalizable in a
finite extension of K.

@ G abelian ~» Same base-change matrix P.
o Gp = {P AP | Ac G}: group of diagonal matrices.
o Ip={fF | fel}is Gp-stable.
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Example : Change of variables

-1

= O
O =
[ary

My = =P p-1
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Example : Change of variables

= O

O =

M; =
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Remember

i = x12 + 11x3x0 + 5X22 +4x1x3 + 11xox3 + 4x§ 4+ 4x1x4 + 11x0x4 +
X3X4 + 4xf 4+ 4x1 x5 + 11x0x5 + 6x3X5 + X4.X5 + 4X§ +4x1x5 + 11x0x6 +
X3X6#—6X4X6-FX5X54—4X3-F14X14—10X2%—15X34—15X4#—15X5#—15X6#—14

fr = Xf + 1].X12X2 + 11X1X22 + XS + 7X12X3 + 14x1x0x3 + 7X22X3 +
5x1x§ + 5X2x32 + 16x33 + 16x1x0x4 + 13x1x3x4 + 13x0X3X4 + 6X§X4 +
7X1X§ + 7X2Xf + 12X3Xf + 13Xf + 13X12X5 + 6x1X0x5 + 13X22X5 +
15x1x3x5 + 15x0Xx3X5 + X§X5 4+ 9x1 X3 X5 + IxoXa X5 + 2XEX5 + 2x1x52 +
2x2X52 + 13X3x52 + 9X4X52 + 3X12X6 + X1X0X6 + 3X22X6 + 9x1x3%5 +
IxoXx3X6 + 4x§x6 + 5x1x3 X6 + 5x0 X4 X6 + TX3X4 X6 + 7x§x6 + 5x1 x5 X6 +
5x5 x5 X6 + X3X5X6 + 16X4X5X5 + 15X52X6 + 15X1X62 + 15X2Xg + 14X3X62 +
11X4xg + 9X5X62 + 2xg’ + 13x1x0 + 6x1x3 + 6x0%3 + 4x§ + 4x1x4 +
dxo x4 +-9X3X4'+'8X£ +-13X1X5-+'13X2X5'+'12X3X5'+’6X§ + 9x1x5 +
Ox2x6 + 15x4x6 + 5x5x5 + 8)(62 +8x1 +8x2 +x3+3x4 + 10x5 + 16x5 + 3

I = (M 6 £ (M £y s 2 Ginvariant ideal.
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flp = 12)(12 + 8x1x0 + 7Xf + 8x3x5 + 11x1X6 + 9x0x5 + 15Xg +
13x1 + 7x2 + 9x5 + 14

X = x2xy + 753 + 9x2x3 + Ox3x3 + 16x0x2 + 3x2xq + 14x3x4+
13xox3X4 + 4X§X4 + 9X2Xf + 12X£ + 16X12X5 + 7X22X5 + 2x2x3X5 +
16X§X5 + 15x0x4x5 + 7X3X4X5 + XfX5 + 16X2x§ + 2X3x52 + YX4X§ +
15X53 + 9X12X6 + 15X22X6 + 9x0x3%5 + 6X§X6 + 3xoxax6 + 15x3x4%6 +
9xfx6 + 6x0x5%5 + 12Xx3X5%5 + 2X4X5X5 + 10x52x6 + 16X3x62 +

6X5X§ + 5Xg' + 4X12 + 13X22 + bxox3 + 15X§ + 5x0x4 + 2x3Xx4 + 5X§ +
15x0x5 + 15x3x5 4+ Ox4X5 + 8x52 + 13x0x6 + 13x3%5 + X4X6 +

13x5x6 + 16x2 + 16x2 + 11x3 + 8x4 + 15x5 + 13x6 + 3

Ip = (fF £PPr £P £PP2 703 £PP2) i 5 Gpinvariant ideal with
Gp = (Dy, D).



Action of Gp on Monomials.
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Action of Gp on Monomials.

Theorem: Structure of Finite Abelian Groups

Evey Abelian Group ~Z/q17Z % - -- x Z/qiZ with q1|q2| - .. |qe-

Gp diagonal group ~ Z/q17Z x 7./ q2Z, with q1|qa.

D1, D, two diagonal matrices generating Z/q17Z and Z/ g2 Z.

D™ = I, = D; = Diag( f‘l, ..., &€1") with & a gq-primitive
root of 1 and \; € Z/q:17Z.

m =[x

mP1 — H?:I(Xié-])_\i)ai — §f1a1+~~+>\nanm_

g1 =Aaoq1+ -+ A\ € Z/q1Z is called the (D;)-degree of
m.

@ Same action for Dy ~~ (D)-degree.
® (g1,82) €Z/q1Z X /g2 is called the Gp-degree of m.
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Remember

f1P =
12X12 +8x1x0 + 7Xf 4 8x3x5 + 11x1 X6 + 9xox6 + 15xb2 +13x1 +7x2 +9x6 + 14

S = x2x0 + Tx3 + Ox¥x3 + 9x3x3 + 16302 + 3xZxq + 14x3 x4+
13xox3X4 + 4X3ZX4 + 9x2xf + ].2X43 + 16X12X5 + 7X22X5 + 2x0X3X5 + 16x32X5 +
15X x4 x5 + TX3X4X5 + xfx;, + 16X2X52 + 2X3X52 + 7X4X52 + 15x53 + 9X12X6 +
15x22x6 + Oxox3X6 + 6X32X6 + 3xoXxaX6 + 15x3x4%6 + 9X§x6 + 6x2X5 X6 +
12x3x5 X6 + 2X4X5X6 + 10x§x6 + 16X3X62 +6X5xg + 5xg’ —|—4x12 + 13x22 +5x0x3 +
15x2 + 5xaxg + 2x3Xg + 5x2 + 15x2x5 + 15x3x5 + 6x4x5 + 8x2 + 13x0%6 +
13x3%5 + x4X6 + 13x5X6 + 16xg + 16x2 + 11x3 + 8x4 + 15x5 + 13x6 + 3
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Gp-homogeneous components

f1P =
12)(12 +8x1x0 + 7Xf 4+ 8x3x5 + 11x1 X6 + 9xo x5 + 15xg +13x1 +7x2+ 9% + 14

ff = x2x0 + Tx3 + Ix¥x3 + 9x3x3 + 16303 + 3x7x4 + 14x3 x4+

+ 4X§X4 + 9X2xf + 12xf + + + 2x0x3X5 + 16X32X5 +
15x0x4x5 + TX3X4X5 + + 16x2x52 + + 7x4x52 + 15X§’ + 9x12x6 +
15x22x6 + Oxox3X6 + 6X32x6 + 3xoxa X6 + + 9xfx6 + +
12x3x5 X6 + 2x4X5X6 + 10x52x6 + 16><3><62 + + 5xg —|—4x12 + 13)(22 +5x0x3 +
15x2 + 5xox4 + +5x2 + + 15x3x5 + 6x4%5 + 8x2 + 13x2x6 +
13x3%5 + XaX6 + + 16xg 4+ 16x0 + 11x3 + 8x4 + + 13x6 + 3
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Gp-homogeneous components

f1P =
12)(12 +8x1x0 + 7Xf 4+ 8x3x5 + 11x1 X6 + 9xo x5 + 15xg +13x1 +7x2+ 9% + 14

ff = x2x0 + Tx3 + Ix¥x3 + 9x3x3 + 16303 + 3x7x4 + 14x3 x4+

+ 4X§X4 + 9X2xf + 12xf + + + 2x0x3X5 + 16X32X5 +
15x0x4x5 + TX3X4X5 + + 16x2x52 + + 7x4x52 + 15X§’ + 9x12x6 +
15x22x6 + Oxox3X6 + 6X32x6 + 3xoxa X6 + + 9xfx6 + +
12x3x5 X6 + 2x4X5X6 + 10x52x6 + 16><3><62 + + 5xg —|—4x12 + 13)(22 +5x0x3 +
15x2 + 5xox4 + +5x2 + + 15x3x5 + 6x4%5 + 8x2 + 13x2x6 +
13x3%5 + XaX6 + + 16xg 4+ 16x0 + 11x3 + 8x4 + + 13x6 + 3

Sums of Terms of same Gp-degree are called Gp-homogeneous
components.
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Gp-homogeneous components

=
12)(12 +8x1x0 + 7Xf 4+ 8x3x5 + 11x1 X6 + 9xo x5 + 15xg +13x1 +7x2+ 9% + 14

ff = x2x0 + Tx3 + Ix¥x3 + 9x3x3 + 16303 + 3x7x4 + 14x3 x4+

+ 4X§X4 + 9X2xf + 12xf + + + 2x0x3X5 + 16X32X5 +
15x0x4x5 + TX3X4X5 + + 16x2x52 + + 7x4x52 + 15X§’ + 9x12x6 +
15x22x6 + Oxox3X6 + 6X32x6 + 3xoxa X6 + + 9xfx6 + +
12x3x5 X6 + 2x4X5X6 + 10x52x6 + 16><3><62 + + 5xg —|—4x12 + 13)(22 +5x0x3 +
15x2 + 5xox4 + +5x2 + + 15x3x5 + 6x4%5 + 8x2 + 13x2x6 +
13x3%5 + XaX6 + + 16xg 4+ 16x0 + 11x3 + 8x4 + + 13x6 + 3

Sums of Terms of same Gp-degree are called Gp-homogeneous
components.

If Ip is Gp-stable and f € Ip, the Gp-homogeneous components of
f belong to Ip.
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Extract Gp-homogeneous components

Ip = <h1, ey h6>, with:

h1 = x1x2 + 12x1x6 + 8xy of Gp-degree (1,0).

hy = X3 + 2x3 + 12x3x5 + 5xaxg + 14xZ + 2x2 + 5xg + 4 of Gp-degree
(0,0).

hs

of Gp-degree (0, 3).
hy = x2x32 + ].4X12X4 + 3X22X4 + 5X[:’ + 10x3x4x5 + X2X52 + 11x32x6
+14x0x4%6 + TXaXg + 2X3 + 12xx4 + 9x2 + 16x4x6 + 9x4 of Gp-degree
(0,2).
hs = X12X3 + x22><3 + 15x32X5 + 13x0x4X5 + 13X§ + XoX3Xe + 4X4X5Xg
+15x3x2 + 10x0x3 + 12x4x5 + 9x3x6 + 5x3 of Gp-degree (0,1).

heg = x12x2 + 7)(23 + 4X32X4 + 9X2Xf + 2xox3X5 + 7X4x§ + 9X12X6
+15x22X6 + 9Xfx6 + 12x3x5%5 + 5x63 + 4x12 + 13)(22 + 5X£ + 15x3x5
+13x2%6 + 16x2 + 16x2 + 13x5 + 3 of Gp-degree (0,0).
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Macaulay's matrix in degree 8 of hy, hy, h3, hy, hs, he

SR X AN

\\§§“£;§:\;§ N \:§ NS N\ N

SR N .

B N AN
N TSN
NN O\ N N

AanAN. S\ AN

~3Raa, ~X .

~SanNa. N_
Sadaa A

Size 3696 x 3003
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Same matrix, row and columns sorted by Gp-degrees first

e~
Y
N
W
———

Wi

Block diagonal matrix with 8 blocks of size ~ 462 x 375.
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Grading on R = k[xi, ..., x,]

Product of two monomials

For all monomials m and n?,
degGD(mml) = degGD(m) + degGD(m/)'

38/48



Grading on R = k[xi, ..., x,]

Product of two monomials

For all monomials m and n?,
degGD(mml) = degGD(m) + degGD(ml)'

Grading

R = ®gecpRg = DdengecpRag

38/48



Grading on R = k[xi, ..., x,]

38/48

Product of two monomials

For all monomials m and n?,
degGD(mml) = degGD(m) + degGD(m/)'

Grading

R = ®gc6pRg = PdeNgeGpRag

S-polynomials of G-homogeneous polynomials

LM(h) LC(IC% h is Gp-homogeneous

S(f,h) = LM([I)\;/(L/)V’(")f _ LM(f)VLM(h) LC(

if f and h are.




Grading on R = k[xi, ..., x,]
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Product of two monomials

For all monomials m and n?,
degGD(mml) = degGD(m) + degGD(m/)'

Grading

R = ®gc6pRg = PdeNgeGpRag

S-polynomials of G-homogeneous polynomials

)
LM(hy  LC(h)

h is Gp-homogeneous

S(f,h) = LM([I)\;/(L/)V’(")f _ LM(f)VLM(h) LC(

if f and h are.

Computation

Any Grdbner basis algorithm preserves the Gp-homogeneity !
~> Application to Fs.




Multiplication matrices in FGLM algorithm

@ Ip a Gp-stable zero-dimensional ideal.

@ G<,: Grobner basis of Ip for <;.
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FGLM computes matrices of the maps:

M; : Vect(6é ) — Vect(€)
f —  NF(x;f,G<,)
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@ Ip a Gp-stable zero-dimensional ideal.

@ G<,: Grobner basis of Ip for <;.

&: Basis of R/l given by monomials not reducible by G<,.
FGLM computes matrices of the maps:

M; : Vect(6é ) — Vect(€)
f —  NF(x;f,G<,)

Normal-Form preserves the Gp-homogeneity

degc, (NF(mxi, G<,)) = dege,(mx;) = degg,,(m) + degg,(xi)

39/48



Multiplication matrices in -FGLM algorithm

@ Ip a Gp-stable zero-dimensional ideal.

@ G<,: Grobner basis of Ip for <;.

&: Basis of R/l given by monomials not reducible by G<, .
Abelian-FGLM computes matrices of the maps:

Mig: Vect(E,) — Vect(Egidege, (x)
f > NF(x;f,G<,)

with &, the subset of monomials in £ of Gp-degree g.

Normal-Form preserves the Gp-homogeneity

dege, (NF(mx;,G<,)) = degc, (mx;) = degg,(m) + dege, (xi)
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Continuation of the example

Mig: Vect(&;) — VeCt(€g+degGD(X/'))
f = NF(xif,G<,)

@ Ip = (h1, ha, h3, hg, hs, he) is zero-dimensional of degree 308.
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Mig: Vect(&;) — VeCt(€g+degGD(X/'))
f = NF(xif,G<,)

@ Ip = (h1, ha, h3, hg, hs, he) is zero-dimensional of degree 308.

@ The sizes of the staircases &, for g € Z/27 x Z/4Z are:
69, 23, 51, 17, 60, 20, 51, 17.
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Continuation of the example

Mig: Vect(&;) — VeCt(€g+degGD(X/'))
f = NF(xif,G<,)

Ip = (h1, ha, h3, ha, hs, he) is zero-dimensional of degree 308.

The sizes of the staircases &, for g € Z/27 x 7/4Z are:
69, 23, 51, 17, 60, 20, 51, 17.

Instead of building 6 matrices of sizes 308 x 308, we build 48
matrices of various sizes |Eg| X ‘gg+dech(x;)‘-

@ 83402 coefficients instead of 569184.
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Complexity Questions

Reminder : Repartition of the monomials

#{Monomials of degree < d and Gp-degree g} 1
#{Monomials of degree < d} d—+co |Gp|
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Reminder : Repartition of the monomials

#{Monomials of degree < d and Gp-degree g} _) 1
#{Monomials of degree < d} —+oo |Gpl|

Theoretical speed-up

i
i |

Matrices have number of rows and columns divided by ~ |Gp|
Gain of |Gp|“ in F5 and |Gp|? in FGLM compared to classical
algorithms.

41/48



Complexity Questions

Reminder : Repartition of the monomials

#{Monomials of degree < d and Gp-degree g}
#{Monomials of degree < d} d—+co |Gp|

Theoretical speed-up

| A\

Matrices have number of rows and columns divided by ~ |Gp| ~~
Gain of |Gp|“ in F5 and |Gp|? in FGLM compared to classical
algorithms.

v
In practice

@ Abelian-F4 has been implemented in C and Abelian-FGLM in
Magma.

@ In Practice, Cyclic-9 Problem with Abelian-F4: 9 Matrices of
sizes 8073 &+ 3.4% x 10435 + 2.6% instead of one matrix of
size 72558 x 93917.
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Some Timings with Abelian-F;

Total Timings

|- T -

104 E E
103 F E

7) = 1
2 r ]
§ 102 | ./.\' g
s F —o— Fponl |]
10! [ -u— Fponlp |]

§ —o— F4// on Ip §

K —FMon Ip ||

100 S | | 1 T [

(4,4) (6,2) (810) (5,5) (6.4) (8,2)(10,0)

n = ki + k2 cubic equations invariant under Cy, x Cy,
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Cyclic-n Timings

43/48

seconds

10°
104
103
102
10!

100

Total Timings

e

Fqaonl
F4 on Ip

F// on Ip

+FM on ID

n

The Cyclic-n Problem
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Cyclic-n Timings

43/48

seconds

10°
104
103
102
10!

100

Total Timings

Ratio:411

/l

—— fponl
-u— F4on Ip
+F4// on Ip

——FMon Ip

9 10 11
n

The Cyclic-n Problem




Quadratic Equations of Gp-degrees 0 and 1.

Total Timings
T T T T |
104 |-~ Faonl |
Fl-=— Faonlp E
108 —e—Split (n cores) ]
el §
5 107
10t | E
101 L J

n
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Quadratic Equations of Gp-degrees 0 and 1.

Total Timings
F T T T T T T T |
10 ; e Faonl ;
Fl-=— Faonlp E
108 —e—Split (n cores) ]
" f Ratio:1294 | |
= 20 J
§ 10 ¢
o [ ]
10t Il
r o
100 ¢ /r/{///t/ E
b l//:j/'"/r El
[ e
1071 I I B

1 1 1 1 1
25 30 35 40 45 50 55 60
n
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Quadratic Equations of Gp-degrees 0 and 1.

seconds

44/48

10*
103
102
10t
100

1071

Total Timings

——  fponl
&  Fponlp
—e—Split (n cores)

N

Ratio:1294

n

seconds

10*
103
102
10!
10°

107!

Timings without Handling of Critical Pairs

—e—

—e—Split (n cores)

Fson |
s  fponlp

;— ///I// e

e /r/*//t

L e——e

E o

£ | I I I I I I I
25 30 35 40 45 50 55 60

n



Quadratic Equations of Gp-degrees 0 and 1.

seconds

44/48

10*
103
102
10t
100

1071

Total Timings

——  fponl
&  Fponlp
—e—Split (n cores)

N

Ratio:1294

n

seconds

10*
103
102
10!
10°

107!

Timings without Handling of Critical Pairs

—e—

—e—Split (n cores)

Fson |
s  fponlp

Ratio:14330

n



Quadratic Equations of Gp-degrees 0 and 1.

Total Timings Timings without Handling of Critical Pairs

F T T T T T T T | F T T T T T |
104;,+ Faonl ] 104~ Fson/ 4
Fl-=— Faonlp B |-  Fqonlp E

103 | =%~ Split (n cores) ] 103 |-|—*—Split (n cores) §
- [ Ratio:14330| |
5 107 - ]
2 [ ] 3 10t E ./././n/' e
7 1oth 4 ’ g £
b ] L — g

1 £ _ o * E

100 5 P 1
101k | ‘ L

n n

Gp-invariant ideals generated by quadratic equations with a fixed
number of distincts Gp-degrees invariant under the Cyclic group of
order n can be solved in polynomial-time.
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Cryptography: NTRU Timings

NTRU Basic Underlying Problem [Silvermann&al.96]

Given h = Y1 hix' € Fp[x], find f = 315 fix' € Fp[x] such
that f and f h mod x” — 1 have their coefficients in {0, 1}.
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v

@ The coefficients of (f h mod x" — 1) are linear forms in the
variables f_}', given by f,’ = ZJn:_Ol f}h[(,-_j) mod n]-
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Cryptography: NTRU Timings

NTRU Basic Underlying Problem [Silvermann&al.96]

Given h = Y1 hix' € Fp[x], find f = 315 fix' € Fp[x] such
that f and f h mod x” — 1 have their coefficients in {0, 1}.

v

@ The coefficients of (f h mod x" — 1) are linear forms in the
variables f_}', given by f,’ = ZJn:_Ol f}h[(,-_j) mod n]-

@ Witho=(012 ...n—1) acting on (fy, ..., f,—1), we have
7 = Lo

o {f? — fi} U {f? —¢;} form a system of 2n equations globally
stable under o.

\
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Cryptography: NTRU Timings

Total Timings

seconds

—eo—  faonl

10! - //.\\' —a  Fionlp

[oe— —o—Split (n cores)

| | | T s S —
20 21 22 23 24 25 26 27 28 29
n
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Cryptography: NTRU Timings

Total Timings
T T
10* ]
s Ratio:241
w10 E E
2 F
g
© 107 E
_ —eo—  faonl
10! 3 / ) s Fyonlp |3
[oe— —e—Split (n cores) |

| | | T s S —
20 21 22 23 24 25 26 27 28 29
n
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Cryptography: NTRU Timings

Total Timings Timings without Handling of Critical Pairs
E T T E| E T T E|
100 | f 104 ]
. 100l Ratio:241 |, 0 4
T £ E o . 7
5 § i 5 F 1
g g 10 E
2 10% ¢ E o F - 1
r 1 1l /'/' i
r _ ——  f4onl 1 10 - ——  f4onl
10t E //. ) —a  fponlp |4 [ P . - f4onlp ]
Foe— —e—Split (n cores) | 1000 «—° ——Split (n cores) |
1 1 1 1 | 1 1 1 1 1 £ 1 1 1 1 | 1 1 1 1 1 |

20 21 22 23 24 25 26 27 28 29 20 21 22 23 24 25 26 27 28 29

n n
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Cryptography: NTRU Timings

Total Timings Timings without Handling of Critical Pairs
F T T E| E T T E
100 | f 104 ]
 [Ratio:241 | s e ]
o 10°} 1 » '9 |Ratio:2149
2 E 102 i 1
g | 1§ w0 E
2107 ¢ 3 @ f - E
r 1 1l /'/' i
F - ——  Fgon/ 1 10 P ——  Fionl E
10t E //. ) —a  fponlp |4 [ P . - f4onlp ]
Foe— —e—Split (n cores) | 1000 «—° ——Split (n cores) |
1 1 1 1 | 1 1 1 1 1 £ 1 1 1 1 | 1 1 1 1 1 |

20 21 22 23 24 25 26 27 28 29 20 21 22 23 24 25 26 27 28 29

n n

46/48



@ Better speed-up in FGLM ?
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@ Better speed-up in FGLM ?

@ Take the sparsity of the system after change of variables into
account. ~» Work in progress !
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@ Better speed-up in FGLM ?

@ Take the sparsity of the system after change of variables into
account. ~» Work in progress !

e Extension to other groups (Representation Theory ?) 7
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Thank you for your attention !
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