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The Problem 1

C-relations and P-relations.
The binomial sequence

b=

0BBBBB@
b0;0 b0;1 b0;2 b0;3 ���
b1;0 b1;1 b1;2 b1;3 ���
b2;0 b2;1 b2;2 b2;3 ���
b3;0 b3;1 b3;2 b3;3 ���
��� ��� ��� ��� ���

1CCCCCA=
0BBBB@

1 0 0 0 ���
1 1 0 0 ���
1 2 1 0 ���
1 3 3 1 ���
��� ��� ��� ��� ���

1CCCCA
satis�es the relation

bi+1;j+1 = bi;j+1+ bi;j.
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C-relations and P-relations.
The binomial sequence

b=

0BBBBB@
b0;0 b0;1 b0;2 b0;3 ���
b1;0 b1;1 b1;2 b1;3 ���
b2;0 b2;1 b2;2 b2;3 ���
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1CCCCCA=
0BBBB@

1 0 0 0 ���
1 1 0 0 ���
1 2 1 0 ���
1 3 3 1 ���
��� ��� ��� ��� ���

1CCCCA
satis�es the relations

bi+1;j+1 = bi;j+1+ bi;j  constant coe�cients ! C-relation,

(i¡ j+1) bi+1;j = (i+1) bi;j  polynomial coe�cients ! P-relations.
(j+1) bi;j+1 = (i¡ j) bi;j

Question.
How to compute or guess e�ciently these C-relations and P-relations?



Applications in Computer Algebra 2

Dynamical Dictionary of Mathematical Functions (DDMF).
Generates dynamically and automatically a web page on functionP

i1;:::;in�0ui1;:::;in x
i1 ��� xin thanks to the P-relations satis�ed by (ui1;:::;in)(i1;:::;in)2Nn.

[Benoit, Chyzak, Darrasse, Gerhold, Mezzarobba, Salvy, 2010]

Figure. Web page of exp (x)=
P

i�0uix
i from

(
y(0) = 1

d

d x
y(x) = y(x);

i.e.
�

u0 = 1
(i+1)ui+1 = ui:



Applications in Combinatorics 3

Planar and 3D-space walks.
Walk: The sequence (un;i1;:::;id)(n;i1;:::;id)2Nd+1 counts the number of ways to end in
(i1; :::; id) starting from 0 with n steps in S�f¡1; 0; 1gd while remaining in Nd.
(planar walks) [Bousquet-Mélou, Mishna, 2010] [Bousquet-Mélou, Petkov²ek, 2010]

[Bostan, Raschel, Salvy, 2014]
(3D-space walks) [Bostan, Bousquet-Mélou, Kauers, Melczer, 2014]

Figure. Kreweras's walk K:
S= f(¡1; 0); (0;¡1); (1; 1)g. Figure. One of the K9;1;2= 368 ways

to end in (1; 2) in 9 steps.

� At least one C-relation thanks to S: Kn+1;i;j=Kn;i+1;j+Kn;i;j+1+Kn;i¡1;j¡1.
Any non trivial P-relations?
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Planar and 3D-space walks.
Walk: The sequence (un;i1;:::;id)(n;i1;:::;id)2Nd+1 counts the number of ways to end in
(i1; :::; id) starting from 0 with n steps in S�f¡1; 0; 1gd while remaining in Nd.
(planar walks) [Bousquet-Mélou, Mishna, 2010] [Bousquet-Mélou, Petkov²ek, 2010]

[Bostan, Raschel, Salvy, 2014]
(3D-space walks) [Bostan, Bousquet-Mélou, Kauers, Melczer, 2014]

Figure. Kreweras's walk K:
S= f(¡1; 0); (0;¡1); (1; 1)g. Figure. One of the K9;1;2= 368 ways

to end in (1; 2) in 9 steps.

� At least one C-relation thanks to S: Kn+1;i;j=Kn;i+1;j+Kn;i;j+1+Kn;i¡1;j¡1.
Any non trivial P-relations? Yes: i2K

n+3;i;j
=2 (i+1)2K

n+2;i+1;j
¡(i+2)2K

n+1;i+2;j
+4 i2K

n+2;i;j+1

¡ 4 (i+2)2K
n;i+2;j+1

¡ 4 i2K
n+1;i;j+2

¡ 4 (i+1)2K
n;i+1;j+2

+2 i jK
n+3;i;j

¡ 6 (i+1) jK
n+2;i+1;j

¡ ���

! Need for e�cient computations!

� Planar walks classi�ed but some 3D-space walks are still open problems!



Related Work 4

Guessing the C-relations of a sequence.
! The Berlekamp � Massey algorithm in dimension 1.

[Berlekamp, 1968] [Massey, 1969]

! The Berlekamp � Massey � Sakata algorithm in dimension n.
[Sakata, 1988, 1990, 2009]

! The Scalar-FGLM algorithm in dimension n. [B., Boyer, Faugère, 2015]

Guessing the P-relations of a sequence.
! The Beckermann � Labahn algorithm in dimension 1.

[Beckermann, Labahn, 1994]

Proving parameterized sums or integrals.
! The creative telescoping method.

[Zeilberger, 1990] and see [Chyzak, 2014] for a nice survey:
[Bostan, Chen, Chyzak, Kauers, Koutschan, Salvy, Zeilberger,:::]



Main Results 5

Past results.
� Computation of C-relations (constant coe�cients) for a sequence.

� Use of linear algebra techniques.

� Algebraic complexity.

� Number of sequence queries.

[B., Boyer, Faugère, 2015]



Main Results 5

Past results.
� Computation of C-relations (constant coe�cients) for a sequence.

� Use of linear algebra techniques.

� Algebraic complexity.

� Number of sequence queries.

[B., Boyer, Faugère, 2015]

New results.
� Computation of C-relations for a sequence tuple.

� Computation of P-relations (polynomial coe�cients) for a sequence.

� Use of linear algebra techniques.

� Use of Gröbner basis computations.

� Algebraic complexity.

� Number of sequence queries.



Sequences with C-relations 6

Notation � Link between C-relations and polynomials.

For a sequence u, [xi]u=ui.

! [(x y¡ y¡ 1)xi yj]b = [xi+1 yj+1¡xi yj+1¡xi yj]b
= bi+1;j+1¡ bi;j+1¡ bi;j:

De�nition.

The set I = fP 2K[x]; 8i2Nn; [Pxi]u=0g is the ideal of C-relations of u.
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Notation � Link between C-relations and polynomials.

For a sequence u, [xi]u=ui.

! [(x y¡ y¡ 1)xi yj]b = [xi+1 yj+1¡xi yj+1¡xi yj]b
= bi+1;j+1¡ bi;j+1¡ bi;j:

De�nition.

The set I = fP 2K[x]; 8i2Nn; [Pxi]u=0g is the ideal of C-relations of u.

Example.

Sequences u=(2i (i+3j))(i;j)2N2 b=
��

i
j

��
(i;j)2N2

Initial terms

8><>:
u0;0 = 1
u1;0 = 4
u0;1 = 3

(
bi;0 = 1; 8i2N
b0;j = 0; 8j 2N�

C-relations

8><>:
ui+2;j = 4ui+1;j¡ 4ui;j

ui+1;j+1 = ui+1;j+2ui;j+1¡ 2ui;j
ui;j+2 = 4ui;j+1¡ 3ui;j

bi+1;j+1= bi;j+1+ bi;j

Ideal of
C-relations

hx2¡ 4x+4; x y¡x¡ 2 y+2; y2¡ 4 y+3i hx y¡ y¡ 1i



Guessing C-Relations 7

Main idea.
Find relations [

P
s2T�sx

s+v]u=0 valid for all v 2U .

De�nition.
For two ordered sets of terms T and U in x, the multi-Hankel matrix HU;T is

��� s2T ���
���

v 2U
���

0@ ��� ��� ���
��� [s v]u ���
��� ��� ���

1A:
The set of the �rst linearly independent columns is the staircase of HU;T .

Example.

Hf1;x;x2;x3g;f1;x;x2;x3g=

1 x x2 x3

1
x

x2

x3

0BBB@
u0;0 u1;0 u2;0 u3;0
u1;0 u2;0 u3;0 u4;0
u2;0 u3;0 u4;0 u5;0
u3;0 u4;0 u5;0 u6;0

1CCCA
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Main idea.
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P
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De�nition.
For two ordered sets of terms T and U in x, the multi-Hankel matrix HU;T is

��� s2T ���
���

v 2U
���

0@ ��� ��� ���
��� [s v]u ���
��� ��� ���

1A:
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Hf1;x;y;xyg;f1;x;y;xyg=

1 x y x y

1
x
y
x y

0BBB@
u0;0 u1;0 u0;1 u1;1
u1;0 u2;0 u1;1 u2;1
u0;1 u1;1 u0;2 u1;2
u1;1 u2;1 u1;2 u2;2

1CCCA



Guessing C-Relations 7

Main idea.
Find relations [

P
s2T�sx

s+v]u=0 valid for all v 2U .

De�nition.
For two ordered sets of terms T and U in x, the multi-Hankel matrix HU;T is

��� s2T ���
���

v 2U
���

0@ ��� ��� ���
��� [s v]u ���
��� ��� ���

1A:
The set of the �rst linearly independent columns is the staircase of HU;T .

Example.

For u=(2i (i+3j))(i;j)2N2 and T =U = f1; x; y; x2; x y; y2g, HT ;T has rank 3 and the
staircase is f1; x; yg.

HT ;T =

1 x y x2 x y y2

1
x
y

x2

x y

y2

0BBBBBB@
1 4 3 12 8 9
4 12 8 32 20 20
3 8 9 20 20 27
12 32 20 80 48 44
8 20 20 48 44 56
9 20 27 44 56 81

1CCCCCCA:



Guessing C-Relations 8

Informal version of the Scalar-FGLM algorithm.
Input.

� A sequence u=(ui)i2Nn over K;

� The ordered set T of all monomials in x of degree at most d wrt. �.

Output.

! A reduced d-truncated Gröbner basis of the ideal of C-relations of u.

1. Compute S the staircase of HT ;T :=

��� s2T ���
���

v 2T
���

0B@ ��� ��� ���
��� [s v]u ���
��� ��� ���

1CA .

2. L :=T nS.

3. G :=?:

4.While L=/ ? do

a. � :=min� (L).

b. Find �=(�s)s2S s.t. HS;S�+HS;f�g=0.

c. G := G [f� +
P

s2S�s sg and remove multiples of � from L.

5. Return G.



Tuple of Sequences I 9

Motivation.

� The sequence u=(ui)i2N=
�j

i

2

k
! + (¡1)i

�
i2N

satis�es, for all i2N,

u2i+3¡u2i+2¡u2i+1+u2i = 0

ui+1
(1) ¡ui+1

(0) ¡ui
(1)
+ui

(0)
= 0;

with u(0)=(u2i)i2N and u(1)=(u2i+1)i2N.
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Motivation.

� The sequence u=(ui)i2N=
�j

i

2

k
! + (¡1)i

�
i2N

satis�es, for all i2N,

u2i+3¡u2i+2¡u2i+1+u2i = 0

ui+1
(1) ¡ui+1

(0) ¡ui
(1)
+ui

(0)
= 0;

with u(0)=(u2i)i2N and u(1)=(u2i+1)i2N.

However, for all i2N,

u2i+4¡u2i+3¡u2i+2+u2i+1=/ 0:

Hence no global C-relation satis�ed by u.

� The P-relation (i¡ j+1) bi+1;j=(i+1) bi;j can be rewritten as

(i+1) bi+1;j¡ j bi+1;j = i bi;j+ bi;j

bi+1;j
(1) ¡ bi+1;j

(2) = bi;j
(1)+ bi;j

(0);

with b(0)=(bi;j)(i;j)2N2; b(1)=(i bi;j)(i;j)2N2 and b(2)=(j bi;j)(i;j)2N2.



Tuple of Sequences II 10

First idea for computing P-relations.
Find C-relations between the sequences (ui)i2Nn; (i1 ui)i2Nn; :::; (in ui)i2Nn;
(i1
2ui)i2Nn; (i1 i2ui)i2Nn; :::(in

2 ui)i2Nn; :::

Problem.
How can we �nd C-relations between multiple sequences?

Notation � Link between C-relations and polynomials vectors.

For sequences u(0); :::;u(m), [e0P0+ ���+ emPm] := [P0]u(0)+ ���+ [Pm]u(m).

!
[(e1 (x¡ 1)¡ e0 (x¡ 1))xi]u = [xi+1¡xi]u(1)¡ [xi+1¡xi]u(0)

= ui+1
(1) ¡ui

(1)¡ui+1
(0)

+ui;j
(0)
;

!
[(e1 (x¡ 1)¡ e2x¡ e0)xi yj]b = [xi+1 yj¡xi yj]b(1)¡ [xi+1 yj]b(2)¡ [xi yj]b(0)

= bi+1;j
(1) ¡ bi;j

(1)¡ bi+1;j
(2) ¡ bi;j

(0)
:



Guessing C-Relations for a Tuple 11

Main idea.
Find relations [

P
`=1
m P

s2S�`;sx
s+v e`] = 0 valid for all v 2U .

Example.

For u(1) = (3i)(i;j)2N2; u(2) = (3i + 2j)(i;j)2N2, T = fe1; e2; x e1; x e2; y e1; y e2g and
U = f1; x; y; x2; x y; y2g, the matrix HU;T has rank 2,

HU;T =

e1 e2 x e1 x e2 y e1 y e2

1
x
y

x2

x y

y2

0BBBBBB@
1 2 3 4 1 3
3 4 9 10 3 5
1 3 3 5 1 5
9 10 27 28 9 11
3 5 9 11 3 7
1 5 3 7 1 9

1CCCCCCA
:

! Relations

[e1 (x¡ 3)xi yj] = ui+1;j
(1) ¡ 3ui;j

(1) = 0;

[e2 (x¡ 1)xi yj¡ e2 � 2xi yj] = ui+1;j
(2) ¡ui;j

(2)¡ 2ui;j
(1)

= 0;

[e1 (y¡ 1)xi yj] = ui;j+1
(1) ¡ui;j

(1)
= 0;

[e2 (y¡ 2)xi yj+ e1x
i yj] = ui;j+1

(2) ¡ 2ui;j
(2)
+ui;j

(1)
= 0:



Guessing C-Relations for a Tuple 11

The MultiScalar-FGLM algorithm.
! An algorithm for computing C-relations of a sequence tuple.

Useless computations.

For b(0)=
��

i
j

��
(i;j)2N2

; b(1)=
�
i
�
i
j

��
(i;j)2N2

; b(2)=
�
j
�
i
j

��
(i;j)2N2

, up to degree 2,

we �nd the 3 relations

[e1 (x¡ 1)xi yj¡ e2xi+1 yj¡ e0xi yj] = bi+1;j
(1) ¡ bi;j

(1)¡ bi+1;j
(2) ¡ bi;j

(0) = 0;

[e2 (y+1)xi yj¡ e1xi yj] = bi;j+1
(2)

+ bi;j
(2)¡ bi;j

(1)
= 0;

[e0 (x y¡ y¡ 1)xi yj] = bi+1;j+1
(0) ¡ bi;j+1

(0) ¡ bi;j
(0)

= 0:

and an extra, useless, relation:

[e1 (x y¡ y¡ 1)xi yj¡ e0 (y+1)xi yj] = bi+1;j+1
(1) ¡ bi;j+1

(1) ¡ bi;j
(1)¡ bi;j+1

(0) ¡ bi;j
(0)

= 0:

Problem.
! Computing the P-relations is not a simple extension of computing the C-relations.



P-recursive Sequences 12

De�nition. [Lipschitz, 1989, De�nition 3.2]

A sequence u=(ui)i2Nn is P-recursive if 9k 2N s.t.

� 8j 2f1; :::; ng; 8`2f0; :::; kgn; 9p`
(j)2K[t] not all zero s.t.

8`1� i1; :::; `n� in;
P

`2f0;:::;kgn p`
(j)
(ij)ui1¡`1;:::;in¡`n=0;

� all the subsequences with �xed indices set between 0 and k¡ 1 are P-recursives.

Example.

Sequences b=
��

i
j

��
(i;j)2N2

K =(Kn;i;j)(n;i;j)2N3,
the Kreweras's walk,
with S= f(¡1; 0); (0;¡1); (1; 1)g

Initial terms b0;0=1

8><>:
K0;0;0 = 1

K0;i;j = 0; 8(i; j)2N2 n f(0; 0)g
Kn;i;j = 0; if n< 0 or i < 0 or j < 0:

P-relations

8><>:
(i¡ j+1) bi+1;j = (i+1) bi;j

(j+1) bi;j+1 = (i¡ j) bi;j
bi+1;j+1 = bi;j+1+ bi;j

Kn+1;i;j=
P

�2SKn;i¡�1;j¡�2



P-recursive Sequences 13

De�nition.
Kht;xi: ring of quasi-commutative polynomials in t1; :::; tn; x1; :::; xn, where

� 8k; tkxk¡xk tk=xk;

� 8k=/ `, tk; t`; xk; x` commute!

Notation � Link between P-relations and polynomials.

For a sequence u, [tjxi]u= ij ui.

! [(t1+1)x1
i1x2

i2]b=(i1+1) bi1;i2;

! [(t1¡ t2)x1i1+1x2i2]b=(i1+1¡ i2) bi1+1;i2;

! [((t1¡ t2)x1¡ (t1+1))x1
i1x2

i2]b = [(t1¡ t2)x1i1+1x2i2¡ (t1+1)x1
i1x2

i2]b
= (i1+1¡ i2) bi1+1;i2¡ (i1+1) bi1;i2

;

!
[((t1¡ t2)x1¡ (t1+1)) t1x1

i1x2
i2]b = [((t1

2¡ t1 t2¡ t1+ t2)x1¡ (t12+ t1))x1
i1x2

i2]b
= ((i1+1)2¡ (i1+1) i2¡ (i1+1)+ i2) bi1+1;i2

¡ (i12+ i1) bi1;i2:
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De�nition.
Kht;xi: ring of quasi-commutative polynomials in t1; :::; tn; x1; :::; xn, where

� 8k; tkxk¡xk tk=xk;

� 8k=/ `, tk; t`; xk; x` commute!

Notation � Link between P-relations and polynomials.

For a sequence u, [tjxi]u= ij ui.

! [((t1¡ t2)x1¡ (t1+1))x1
i1x2

i2]b=(i1+1¡ i2) bi1+1;i2¡ (i1+1) bi1;i2:

Theorem. [Lipschitz, 1989, Theorem 3.8 (vii)]

If a sequence u = (ui)i2Nn is P-recursive, then 8xk; 9d; e, s.t. te xkd 2 LT(I), where
I = fP 2Kht;xi; 8i; j 2Nn; [P tjxi]u=0g is the right ideal of P-relations of u.

Example.

The sequence b=
��

i1
i2

��
i2N2

is P-recursive. Since

8>>>><>>>>:
(i1+1¡ i2)

�
i1+1
i2

�
¡ (i1+1)

�
i1
i2

�
= 0;

(i2+1)
�

i1
i2+ 1

�
+(i2¡ i1)

�
i1
i2

�
= 0;�

i1+1
i2+1

�
¡

�
i1

i2+ 1

�
¡

�
i1
i2

�
= 0;

its ideal of P-relations is h(t1¡ t2)x1¡ (t1+1); t2x2+(t2¡ t1); x1x2¡x2¡ 1i.



Guessing P-Relations I 14

De�nition.
For two ordered sets of terms T in t;x and U in x, the multi-Hankel matrix HU;T is

��� s2T ���
���

v 2U
���

0@ ��� ��� ���
��� [s v]u ���
��� ��� ���

1A:
Example.

For T = f1; t1; t2; t12; t1 t2; t22g; U = f1; x1; x2; x12; x1x2; x22g,

HU;T =

1 t1 t2 t1
2 t1 t2 t2

2

1
x1
x2
x1
2

x1x2
x2
2

0BBBBBBB@

u0;0 0 �u0;0 0 �u0;0 02 �u0;0 0 � 0 �u0;0 02 �u0;0
u1;0 1 �u1;0 0 �u1;0 12 �u1;0 1 � 0 �u1;0 02 �u1;0
u0;1 0 �u0;1 1 �u0;1 02 �u0;1 0 � 1 �u0;1 12 �u0;1
u2;0 2 �u2;0 0 �u2;0 22 �u2;0 2 � 0 �u2;0 02 �u2;0
u1;1 1 �u1;1 1 �u0;1 12 �u1;1 1 � 1 �u1;1 12 �u0;1
u0;2 0 �u0;2 2 �u0;2 02 �u0;2 0 � 2 �u0;2 22 �u0;2

1CCCCCCCA:
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De�nition.
For two ordered sets of terms T in t;x and U in x, the multi-Hankel matrix HU;T is

��� s2T ���
���

v 2U
���

0@ ��� ��� ���
��� [s v]u ���
��� ��� ���

1A:
Example.

For T = f1; t1; x1; t12; t1 x1; x12g; U = f1; x1; x2; x12; x1x2; x22g,

HU;T =

1 t1 x1 t1
2 t1x1 x1

2

1
x1
x2
x1
2

x1x2
x2
2

0BBBBBBB@

u0;0 0 �u0;0 u1;0 02 �u0;0 1 �u1;0 u2;0
u1;0 1 �u1;0 u2;0 12 �u1;0 2 �u2;0 u3;0
u0;1 0 �u0;1 u1;1 02 �u0;1 1 �u1;1 u2;1
u2;0 2 �u2;0 u3;0 22 �u2;0 3 �u3;0 u4;0
u1;1 1 �u1;1 u2;1 12 �u1;1 2 �u2;1 u3;1
u0;2 0 �u0;2 u1;2 02 �u0;2 1 �u1;2 u2;2

1CCCCCCCA:
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De�nition.
For two ordered sets of terms T in t;x and U in x, the multi-Hankel matrix HU;T is

��� s2T ���
���

v 2U
���

0@ ��� ��� ���
��� [s v]u ���
��� ��� ���

1A:
Example.

For T 0= f1; x1; x2g; T =T 0[ t1T 0[ t2T 0; U = f1; x1; x2; x12; x1 x2; x22; x13; x12x2; x1x22g,

HU;T =

1 x1 x2 t1 t1x1 t1 x2 t2 t2x1 t2x2

1
x1
x2
x1
2

x1x2
x2
2

x1
3

x1
2x2
x1x2

2

0BBBBBBBBBBBBB@

u0;0 u1;0 u0;1 0 �u0;0 1 �u1;0 0 �u0;1 0 �u0;0 0 �u1;0 1 �u0;1
u1;0 u2;0 u1;1 1 �u1;0 2 �u2;0 1 �u1;1 0 �u1;0 0 �u2;0 1 �u1;1
u0;1 u1;1 u0;2 0 �u0;1 1 �u1;1 0 �u0;2 1 �u0;1 1 �u1;1 2 �u0;2
u2;0 u3;0 u2;1 2 �u2;0 3 �u3;0 2 �u2;1 0 �u2;0 0 �u3;0 1 �u2;1
u1;1 u2;1 u1;2 1 �u1;1 2 �u2;1 1 �u1;2 1 �u1;1 1 �u2;1 2 �u1;2
u0;2 u1;2 u0;3 0 �u0;2 1 �u1;2 0 �u0;3 2 �u0;2 2 �u1;2 3 �u0;3
u3;0 u4;0 u3;1 3 �u3;0 4 �u4;0 3 �u3;1 0 �u3;0 0 �u4;0 1 �u3;1
u2;1 u3;1 u2;2 2 �u2;1 3 �u3;1 2 �u2;2 1 �u2;1 1 �u3;1 2 �u2;2
u1;2 u2;2 u1;3 1 �u1;2 2 �u2;2 1 �u1;3 2 �u1;2 2 �u2;2 3 �u1;3

1CCCCCCCCCCCCCA
:
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Useless columns.

For u=(i!)i2N, T = f1; t; x; t x; x2g and U = f1; x; x2; x3; x4g,

HU;T =

1 t x t x x2

1
x

x2

x3

x4

0BBBB@
1 0 1 1 2
1 1 2 4 6
2 4 6 18 24
6 18 24 96 120
24 96 120 600 720

1CCCCA :

HU;T has rank 3 and its column rank pro�le is f1; t; t xg.

! From u0=1, [x xi]= [(t+1) xi]()ui+1=(i+1) ui allows us to compute any term.
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Useless columns.

For u=(i!)i2N, T = f1; t; x; t x; x2g and U = f1; x; x2; x3; x4g,

HU;T =

1 t x t x x2

1
x

x2

x3

x4

0BBBB@
1 0 1 1 2
1 1 2 4 6
2 4 6 18 24
6 18 24 96 120
24 96 120 600 720

1CCCCA :

HU;T has rank 3 and its column rank pro�le is f1; t; t xg.

! From u0=1, [x xi]= [(t+1) xi]()ui+1=(i+1) ui allows us to compute any term.

! But (i+1)ui+1=(i2+2 i+1)ui() [t x xi] = [(t2+2 t+1)xi].

! Column t x seems useless!
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Useless columns.

For u=(i!)i2N, T = f1; t; x; t x; x2g and U = f1; x; x2; x3; x4g,

HU[fx5g;T[ft2g=

1 t x t2 t x x2

1
x

x2

x3

x4

x5

0BBBBBB@
1 0 1 0 1 2
1 1 2 1 4 6
2 4 6 8 18 24
6 18 24 54 96 120
24 96 120 384 600 720
120 600 720 3000 4320 5040

1CCCCCCA
:

HU;T has rank 3 and its column rank pro�le is f1; t; t2g.
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Remark.
Relations form a right ideal of Kht;xi  take this structure into account.

 If relation
[texd+v] = [

P
r2R;s2S�r;s t

rxs+v]

(d+v)eud+v =
P

r2R;s2S�r;s (s+v)
rus+v

is valid for all v 2U ,

then

[tk t
e xd+v]=(dk+vk) (d+v)

e ud+v=
X

r2R;s2S
�r;s (dk+vk) (s+v)

r us+v=
�X

���
�

is also valid for all v 2U .

Example.
u=(i!)i2N  I = hx¡ (t+1)i�Kht; xi. Hence (x¡ (t+1)) t2 I but

(x¡ (t+1)) t = x t¡ (t+1) t
= t x¡x¡ (t+1) t
= t x¡ (t+1)¡ (t+1) t¡ (x¡ (t+1))

= t x¡ (t+1)2¡ (x¡ (t+1)):

Therefore, (t x¡ (t+1)2)2 I.
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Remark.
Relations form a right ideal of Kht;xi  take this structure into account.

 If relation
[texd+v] = [

P
r2R;s2S�r;s t

rxs+v]

(d+v)eud+v =
P

r2R;s2S�r;s (s+v)
rus+v

is valid for all v 2U ,

then

[tk t
e xd+v]=(dk+vk) (d+v)

e ud+v=
X

r2R;s2S
�r;s (dk+vk) (s+v)

r us+v=
�X

���
�

is also valid for all v 2U .

Proposition.

Let T (resp. U) be an ordered set of terms in t;x (resp. x). If column texd is discarded
in matrix HU;T , then so is any column te+jxd.

Example.

For u=(i!)i2N, T = f1; t; x; t xg and U = f1; x; x2; x3g, HU;T =

1 t x t x

1
x

x2

x3

0BB@
1 0 1 1
1 1 2 4
2 4 6 18
6 18 24 96

1CCA:
Column x is discarded, hence so is column t x and the staircase is S= f1; tg.
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Informal version of the Precursive-FGLM algorithm.
Input.

� A sequence u=(ui)i2Nn over K;

� The ordered set T of all monomials in t;x of bidegree at most (dt; dx) wrt. �.

� The ordered set U of all monomials in x wrt. � such that #U =#T .

Output.

! A reduced (dt; dx)-truncated Gröbner basis of the ideal of P-relations of u.

1. Compute S the staircase of HU;T :=

��� s2T ���
���

v 2U
���

0B@ ��� ��� ���
��� [s v]u ���
��� ��� ���

1CA .

2. Compute V the row rank pro�le of HU;S.

3. L :=T nS.

4.While L=/ ? do

a. � :=min� (L).

b. Find �=(�s)s2S s.t. HV ;S�+HV ;f�g=0.

c. G := G [f� +
P

s2S�s sg and remove multiples of � from L.

5. Return G.
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Remark.
When a relation [P1] = 0 is true, we do not need relations [Q] = 0 s.t. P1 jQ.

! When relations [P1]= ���=[Pr]=0 are true, we should not need relations [Q]=0 with
Q2 hP1; :::; Pri�Kht;xi.

Idea.
Computation of a (truncated) Gröbner basis of J = hP1; :::; Pri�Kht;xi:

! new polynomials Pr+1; :::; Ps2 J , s.t. LT(Pr+1); :::;LT(Ps)2/ hLT(P1); :::;LT(Pr)i

! guessing new relations without new queries to the sequence!

Implementation.
� In Maple using the F4 algorithm in Ore algebras.

� In C, integrated in the FGb library. [Faugère, 2010]
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Remark.
When a relation [P1] = 0 is true, we do not need relations [Q] = 0 s.t. P1 jQ.

! When relations [P1]= ���=[Pr]=0 are true, we should not need relations [Q]=0 with
Q2 hP1; :::; Pri�Kht;xi.

Example.
G=(Gn;i;j)(n;i;j)2N3, the Gessel walk, with S= f(¡1; 0); (¡1;¡1); (0; 1); (1; 1)g.

! If G is P-recursive, then so is G0=(Gn;0;j)(n;i)2N2.

! Computation of relations of G0 in bidegree (5; 5) with Precursive-FGLM:

! [t0 t2
3 x0

2 x2
3 ¡ ���] = [t0

4 x0
4 x2 ¡ ���] = [t0

4 t2 x0
4 x2 ¡ ���] = [t0

3 t2
2 x0

4 x2 ¡ ���] =
[t0
3 t2
2x0

2x2
3¡ ���] = 0.

! Gröbner basis computation in Kht0; t2; x0; x2i:

! [t0
5 t2
2x0

4¡ ���] = [t0
5x0

6¡ ���] = [t0
3 t2
4x2

4¡ ���] = [t0
3 t2
3x2

5¡ ���] = 0.

! Zero-dimensional ideal of relations in x0; x2:

! We can suspect that G0 is P-recursive.
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Remark.
When a relation [P1] = 0 is true, we do not need relations [Q] = 0 s.t. P1 jQ.

! When relations [P1]= ���=[Pr]=0 are true, we should not need relations [Q]=0 with
Q2 hP1; :::; Pri�Kht;xi.

Example.
W = (Wn;i;j;k)(n;i;j;k)2N4, a 3D-space walk, with S = f(¡1; ¡1; ¡1); (¡1; ¡1; 1);
(¡1; 1; 0); (1; 0; 0)g.

[Bostan, Bousquet-Mélou, Kauers, Melczer, 2014, Section 4.3]

! If W is P-recursive, then so is W 0=(Wn;i;j;0)(n;i;j)2N3.

(dt; dx) Matrix size Timing Gröbner bases Timing Relations Staircase
(2; 2) 270� 100 19s N/A [t0 t1x0x1¡ ���] = 0 Not closed

(2; 4) 1448� 350 756s max (dt; dx): 1s [t0 t1 t2x1
2¡ ���] = 0 Not closed

(4; 3); (3; 4); (2; 5); (1; 7)

(3; 4) 2959� 600 4310s
truncated to

1s [t0
3 t1 t2x0

4¡ ���] = 0 Closed!
total degree 9 [t0 t1

2 t2x2
4¡ ���] = 0

! We guess relations in bidegree (5; 4) for free!

! We can suspect that W 0 is P-recursive.
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Proposition.
� Adaptive variant of Precursive-FGLM:

� Increase S and V step by step such that HV ;S is always full rank.

� Denote Sx=S\K[x]. Let theDth dilatation of Sx contain V , then with this adaptive
algorithm, we can compute the relations with at most

#(SxV )�Dn#(2Sx)

queries.
 If Sx is included in a parallelotope, 9c; #(2Sx)� c Sx. [Rusza, 1994]

Proposition.
If �; d1; :::; dn are the maximal degrees of polynomials in t; x1; :::; xn, D is as above, and
� is the number of polynomials in the Gröbner basis, then the number of operations in
the base �eld to compute the Gröbner basis is no more than

O(� (Dnn� d2 ��� dn)!¡1M(d1 ��� dn) log(d1 ��� dn));

using fast quasi-Hankel algorithms. [Bostan, Jeannerod, Schost, 2007]
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Conclusion.
� Algorithm for guessing C-relations of sequence tuples.

� Algorithm for guessing P-relations of sequences.

� Mixed approach:

� Non trivial computations on 3D-space walks.

� Estimation on the number of sequence queries.

� Estimation on the complexity.

Perspectives.
� Improving the complexity estimates using the structure.

� Unclassi�ed 3D-space walks:

� Can we exhibit a 0-dim. ideal of P-relations for their �rst terms?


