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Dense polynomial matrices : determinant 

Determinant in O˜(nω × nd)

Output degree: nd

Degree: d

A(x) ∈ 𝖪[x]n × n

operations in 𝖪

Evaluation-interpolation scheme : 



Cost over 

Rule of thumb:

⪯𝖪[x] Cost over 𝖪 Output degree×
(Evaluation-interpolation scheme)
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Dense polynomial matrices : determinant 

Determinant in operations in 𝖪O˜(nω d) ≪ O˜(nω × nd)

[Storjohann 2003-2005]
[Labahn, Neiger, Zhou 2017]

‘’Essentially’’ the cost of a polynomial matrix product 

A(x) ∈ 𝖪[x]n × n

Output degree: nd

Degree: d



[Beckermann, Labahn 1994]
[Giorgi, Jeannerod, Villard 2003]

Dense matrix fractions  

of degree d

Generic case 

H(x) = P(x)Q(x)−1 ∈ 𝖪[x]n × n

P, Q

Matrix fraction reconstruction: 

Recover          from          terms of the expansion O(d) H(x) = Σi Hi xi

in O˜(nω d) operations in 𝖪

P, Q



Structured polynomial matrices?                                                

‘’structured’’ A(x) ∈ 𝖪[x]n × n

det A(x) ?

Sylvester matrix (Toeplitz-like)  

Multiplication by         in    𝖪[y]/g(y)a(y)



Entries in K 

p, q ∈ 𝖪[x]

S =

pn qn
pn−1 pn qn−1 qn

⋮ ⋮ ⋱ ⋮ ⋮ ⋱
⋮ ⋮ pn ⋮ ⋮ qn
p0 ⋮ pn−1 q0 ⋮ qn−1

p0 ⋮ q0 ⋮
⋱ ⋮ ⋱ ⋮

p0 q0

Knuth-Schönhage-Moenck recursive polynomial half-gcd

O(𝖬(n) log n) = O˜(n)

deg p, q = n

∈ 𝖪2n × 2n

operations

1. Sylvester matrix  

Structured determinant: 

Res(p, q) = det S ∈ 𝖪 ?Resultant : 



p, q ∈ 𝖪[x, y]

degx = 1, degy = n

det S(x) ? Degree: 2n

operationsO˜(n × n) = O˜(n2)⟹Rule of thumb

S(x) =

pn(x) qn(x)
pn−1(x) pn(x) qn−1(x) qn(x)

⋮ ⋮ ⋱ ⋮ ⋮ ⋱
⋮ ⋮ pn(x) ⋮ ⋮ qn(x)

p0(x) ⋮ pn−1(x) q0(x) ⋮ qn−1(x)
p0(x) ⋮ q0(x) ⋮

⋱ ⋮ ⋱ ⋮
p0(x) q0(x)

∈ 𝖪[x]2n × 2n

   Best known complexity bound       size of a system solution
   (    entries of degree     )2nn

≡

1. Polynomial Sylvester matrix  



Multiplication by        in    𝖪[y]/g(y)a(y)

1
1

α0 α1 α2 … αn−1

1
1

A

n × n

A : p ↦ a ⋅ p mod g

1
1

α0 α1 α2 … αn−1

1
1

x I − A

Minimal polynomial ?                        

deg g = n

1
y
⋮

yn−1

a ay … ayn−1

Characteristic polynomial generically                       

2. Quotient algebra  



O˜(n2) operations in                                   𝖪

Minimal polynomial of         in                                  a(y) 𝖪[y]/g(y)

1, a, a2, …, a2n−1

[Rifà, Borrell 1991] [Shoup 1994][Ly 1989]

via the projection of 

and Berlekamp-Massey algorithm                                   

2. Quotient algebra  



⟹Modular composition                                  Minimal polynomial                                 

Modular composition:                                  h(a) mod g ?

h, a, g ∈ 𝖪[y]

[Bostan, Flajolet, Salvy, Schost 2006]

[Brent, Kung 1978]

[Shoup 1994]
O˜(nω2/2)

( n × n) ⋅ ( n × n)

[Paterson, Stockmeyer 1973]

Baby steps / giant steps strategy                                  

[Kaltofen 2000]
[Huang, Pan 1998]

[Le Gall, Urrutia 2018]

⟹ O(n1.626)[Canny, Kaltofen, Yagati 1989]

[van der Hoeven, Lecerf 2017]

2. Quotient algebra  



degx = 1, degy = n

Resultant  
of bivariate polynomials

Sylvester of degree one

Modular 
composition

deg g = n

Truncated power 
series composition

g = yn

O˜(n2) O˜(n5/3)

O˜(n2) O˜(n5/3)

no improvementO˜(n1.5)

Improvements generically upon 70’s bounds

General effective field K

Cubic matrix multiplication
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O˜(n1.63) O˜(n1.46)
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Fast matrix multiplication
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General effective field K
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From 10.000 feet
Matrix view
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Determinant ?

Cramer’s rule: det A = − 20371310335

A = A−1b =
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Cramer’s rule: det A = − 20371310335

A = A−1b =

What if solving a linear system has prohibitive quadratic cost ?

Determinant ?
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A−1 =

A few entries of a few solutions 
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Step 1. XT A−1Y = PQ−1 =

A−1 =

A few entries of a few solutions 
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Step 1.

Step 2.

XT A−1Y = PQ−1 =

det Q = det A = − 20371310335

A−1 =

A few entries of a few solutions 



Compute a submatrix of the inverse without solving an entire system over         ?

Be sure that the matrix fraction is ‘’small’’?
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We consider a submatrix of the inverse: 

H(x) = P(x) Q(x)−1

A(x)−1

m × m

Degrees of                 depending on     ?   P(x), Q(x) m

A(x) n × n deg A = 1
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A(x) =

a) Hermite normal form 

h1(x) = det A(x)
deg h1 = nA(x)
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a) Hermite normal form 

h1(x) = det A(x)
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b) Minimal module basis:
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A(x) =
0

P̄(x)A(x)

Q(x)

deg Q = n /m

⟹ A(x)−1[ Im

0 ] = P̄(x)Q(x)−1



Lemma.  Generically,

with

Small size fraction

and

H(x) = R(x)Q(x)−1 ∈ 𝖪(x)m×m

deg R, deg Q ∈ O(n /m)

deg Q = det A

O(n /m)Expansion limited to order  

Nota. Rather than Gaussian elimination we have used a unimodular transform.



Compute a submatrix of the inverse without solving an entire system over         ?

Be sure that the matrix fraction is ‘’small’’?

𝖪(𝗑)



Outline

The problems  

Key ingredient

Resultant

Modular composition



Matrix fractions:   

Ex:                        entries  n × n = n

Taking advantage of the structure

System solution:   
entries  n
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S(x)−1 = O(n)and expansion of order   

operations in K O˜(n)

2

666666666664

⇤

⇤ ⇤

⇤ ⇤ ⇤

⇤ ⇤ ⇤ ⇤

⇤ ⇤ ⇤ ⇤ ⇤

⇤ ⇤ ⇤ ⇤ ⇤ ⇤

3

777777777775

<latexit sha1_base64="Zj8/FaRFbhTd9HHxAWGOFCu3Nng="></latexit><latexit sha1_base64="buCXrsaHyZaEiwNuLfDbP4fb0FI="></latexit><latexit sha1_base64="buCXrsaHyZaEiwNuLfDbP4fb0FI="></latexit>

S(x)−1 = O( n)and expansion of order   
operations in K O˜(n)



Outline

The problems  

Key ingredient

Resultant

Modular composition



S(x) =

pn(x) qn(x)
pn−1(x) pn(x) qn−1(x) qn(x)

⋮ ⋮ ⋱ ⋮ ⋮ ⋱
⋮ ⋮ pn(x) ⋮ ⋮ qn(x)

p0(x) ⋮ pn−1(x) q0(x) ⋮ qn−1(x)
p0(x) ⋮ q0(x) ⋮

⋱ ⋮ ⋱ ⋮
p0(x) q0(x)

∈ 𝖪[x]2n × 2n

Sylvester matrix 
Toeplitz-like matrices 

S(x) =



(Widely used techniques)

[Kailath, Kung, Morf 1979]

[Kaltofen 1994]
[Labahn 1992]

[Bini, Pan 1994]

Theory of displacement rank

ΣLU representation: sum of triangular Toeplitz matrix

S(x) =

Toeplitz-like matrices
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Compute a submatrix of the inverse without solving an entire system over         ?

Be sure that the matrix fraction is ‘’small’’?

𝖪(𝗑)
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ΣLU representation of the inverse 

O˜(n) operations on truncated power series (half-gcd)

The structure is kept recursively during block Gaussian elimination à la Strassen

0 0

0 0
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S(x)−1 = =
m

Submatrix of the inverse  

m

polynomial (truncated power series) Toeplitz matrix products m × m



Algorithm ‘’Structured determinant’’

2. Reconstruct a fraction  P(x)Q(x)−1 ∈ 𝖪(x)m×m

1. Compute an expansion of a submatrix of S(x)−1

Output:  det Q(x)

Input:         Toeplitz-likeS(x)



Algorithm ‘’Structured determinant’’

2. Reconstruct a fraction  P(x)Q(x)−1 ∈ 𝖪(x)m×m

1. Compute an expansion of a submatrix of S(x)−1

Output:  det Q(x)

Input:         Toeplitz-likeS(x)
O˜(n ⋅

n
m

)

O˜(mω ⋅
n
m

)

Block size                or  m = n1/ωm = n1/3

Generic resultant cost: O˜(n2−1/ω)
Here degree 1, analogous for degree d 



Outline

The problems  

Key ingredient

Resultant

Modular composition



From 10.000 feet
Polynomial view



Multiplication by        in    𝖪[y]/g(y)a(y)
p ↦ a ⋅ p mod g

(canonical basis)

A =
1
1

α0 α1 α2 … αn−1

1
1

a ay … ayn−1

…



(See the slide on denominator minimization) 

Multiplication by        in    𝖪[y]/g(y)a(y)
p ↦ a ⋅ p mod g

(canonical basis)

A =
1
1

α0 α1 α2 … αn−1

1
1

a ay … ayn−1

…

=
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A(x) P̄(x)x − A

Q(x)

=
0

We have computed a generating set of m polynomials of   

of the ideal  ⟨x − a(y), g(y)⟩

degree          in     and             in   n /m x m − 1 y

q1j(x) + yq2j(x) + … + ym−1qmj(x)



Modulo the 
generating set

r(x, y) = r0(x) + yr1(x) + … + ym−1rm−1(x)

h(a(y)) mod g(y) ?

h(x)

Phase 2.  Evaluate               r(a(y), y) mod g(y)
[Brent, Kung 1978]
[Nüsken, Ziegler 2004]

O˜(n1.46)
(ω + 2)/3
m = n1/3

Modular composition 



We had the exponent                   for general Toeplitz-like matrices O˜(n2−1/ω)

How to do better for the multiplication matrix? 

Modular composition 

Phase 1. Compute the generating set given by the denominator matrix



Duality

[Kaltofen 2000]
[Canny, Kaltofen, Yagati 1989]
[Shoup 94]

PowerProjections                                  

[ℓ0 ℓ1 ℓ2 … ℓn−1] ⋅

1
1

1 a1 a2 … an−1

1
1

⋅

h0

h1

h2
⋮

hn−1

ℓ(1), ℓ(a), ℓ(a2), …, ℓ(a2n−1)
ℓ : 𝔸 → 𝖪

Left matrix-vector product

Modular Composition                                  

h(a) mod g

Right matrix-vector product



Duality

[Kaltofen 2000]
[Canny, Kaltofen, Yagati 1989]
[Shoup 94]

[ℓ0 ℓ1 ℓ2 … ℓn−1] ⋅

1
1

1 a1 a2 … an−1

1
1

⋅

h0

h1

h2
⋮

hn−1

Left matrix-vector product Right matrix-vector product

PowerProjections                                  

ℓ(1), ℓ(a), ℓ(a2), …, ℓ(a2n−1)
ℓ : 𝔸 → 𝖪

Modular Composition                                  

h(a) mod g



Duality

PowerProjections                              Modular Composition                                  

[Kaltofen 2000]
[Canny, Kaltofen, Yagati 1989]
[Shoup 94]



Duality

[Kaltofen 2000]
[Canny, Kaltofen, Yagati 1989]
[Shoup 94]

Modular Composition                                  

Rich literature

multipoint evaluation             bivariate resultant  ⟹

Ex: bit complexity model using Gröbner bases

[van der Hoeven, Lecerf 2019]
[van der Hoeven, Larrieu 2018]
[Kedlaya, Umans 2011]

PowerProjections                                  



Duality

[Kaltofen 2000]
[Canny, Kaltofen, Yagati 1989]
[Shoup 94]

Modular Composition                                  PowerProjections                                  



M(x) = x − A

M(x)−1 = ∑
i ≥ 0

Aix−i−1

Submatrix of the inverse           submatrices of the  ≡ Ai

X = [ Im

0 ]

2

666666666664
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m

m

XT AiX, i ≥ 0

Block power projections



Ai =

1
1

α0 α1 α2 … αn−1

1
1

ai aiy … aiyn−1

… m coefficients of 

a ay … aym−1

a2 a2y … a2ym−1

…
ad ady … adym−1



XT AiX := XT Aj+krX, 0 ≤ i < 2n /m

Block power projections
[Kaltofen, Villard 2005]

Uj := XT Aj 0 ≤ j < r = nρ1.

Z := Ar2.

Vk := ZkX 0 ≤ k ≤ t = nτ3.

UjV′�ks
1
1

α0 α1 α2 … αn−1

1
1

…

O˜(n1+ρ)

O˜(n1+τ)



aay…aym−1

a2a2y…a2ym−1

…
adady…adym−1

XT AiX := XT Aj+krX, 0 ≤ i < 2n /m

Block power projections
[Kaltofen, Villard 2005]

UjV′�ks
1
1

α0 α1 α2 … αn−1

1
1

…

O˜(n1.46)r = t = m = n1/3
Polynomial point of view 

Structured matrices 
[Bostan, Jeannerod, Schost 2008]

Displacement rank γ = O(max{r, s}

O˜(γω−1n)



Thank you !

Open question: optimal algorithms ? 




