
Ilaria Zappatore

Simultaneous Rational Function Reconstruction 
and applications to 

Algebraic Coding Theory

PolSys-SpecFun Seminar
February 19, 2021

INRIA Saclay, équipe GRACE



Ilaria Zappatore Simultaneous Rational Function Reconstruction and applications to Algebraic Coding Theory PolSys-SpecFun seminar 1

Coding 
Theory

Computer 
Algebra

this work

Starting Point



Overview & Motivations

PolSys-SpecFun Seminar
February 19, 2021



Ilaria Zappatore Simultaneous Rational Function Reconstruction and applications to Algebraic Coding Theory PolSys-SpecFun seminar 2

High Performance Computing Technologies

MASTER NODE

COMPUTING NODES

Goal: provide high performances and complete heavy tasks
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Fault tolerant algorithms

The more the number of system 
components grows 

the more the failures of computing nodes 
becomes relevant 
(3,5 faults per day)  

[DI, GUO, PERSHEY, SNIR, CAPPELLO, 2019], [LIU, CHEN, 2018] 

MASTER NODE

COMPUTING NODES

construct fault tolerant algorithms

detect/correct faults
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Goal: detect/correct computational errors (faults)

Algorithm-based fault tolerant techniques (ABFT) 
[HUANG, ABRAHAM, 1984]

exploits the algorithm’s characteristics
to design a fault tolerant algorithmMASTER NODE

COMPUTING NODES

Algorithm-based fault tolerant techniques (ABFT)
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Goal: detect/correct computational errors (faults)

Algorithm-based fault tolerant techniques (ABFT) 
[HUANG, ABRAHAM, 1984]

High Performance Computing Technologies

ALGORITHM

ABFT

• modify the algorithm, work on encoding data robust to errors (faults)

error correcting codes

new 
ALGORITHM

• adding redundancy (encoding)
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ABFT for Polynomial Linear System Solving 
by Evaluation-Interpolation 

[BOYER, KALTOFEN, 2014] 
[KALTOFEN, PERNET, STORJOHANN, WADDEL, 2017] 

[GUERRINI, LEBRETON, Z., 2019] 
[GUERRINI, LEBRETON, Z., 2021]

High Performance Computing Technologies

MASTER NODE

COMPUTING NODES

Goal: detect/correct computational errors (faults)

Algorithm-based fault tolerant techniques (ABFT) 
[HUANG, ABRAHAM, 1984]

exploits the algorithm’s characteristics
to design a fault tolerant algorithm

: publication : submitted paper
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 Polynomial Linear System Solving

=

b1(x)
b2(x)

⋮
bn(x)

b(x)

y1(x)
y2(x)

⋮
yn(x)

y(x)

a1,1(x) a1,2(x) … a1,n(x)
a2,1(x) a2,2(x) … a2,n(x)

⋮ ⋮ ⋮ ⋮
an,1(x) an,2(x) … an,n(x)

A(x)
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 Polynomial Linear System Solving

=

b1(x)
b2(x)

⋮
bn(x)

b(x)

a1,1(x) a1,2(x) … a1,n(x)
a2,1(x) a2,2(x) … a2,n(x)

⋮ ⋮ ⋮ ⋮
an,1(x) an,2(x) … an,n(x)

A(x)

v1(x)
d(x)

⋮
vn(x)
d(x)

y(x)
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 Polynomial Linear System Solving

=

b1(x)
b2(x)

⋮
bn(x)

b(x)

a1,1(x) a1,2(x) … a1,n(x)
a2,1(x) a2,2(x) … a2,n(x)

⋮ ⋮ ⋮ ⋮
an,1(x) an,2(x) … an,n(x)

A(x)

v1(x)
d(x)

⋮
vn(x)
d(x)

y(x) MASTER NODE

α3

α7

α2

α4

α5

α6

α8

α1

y2

y3

y4

y5

y6

y7

y8

y1 =
v(α1)
d(αj)

1. Evaluate ,  in , (  full rank)A(x) b(x) {α1, …, αL} A(αj)

2. Compute  ,yj = A(αj)−1b(αj) =
v(αj)
d(αj)

3. Interpolate  from y(x) y1, …, yL

 Evaluation-Interpolation Algorithm
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 Polynomial Linear System Solving

=

b1(x)
b2(x)

⋮
bn(x)

b(x)

a1,1(x) a1,2(x) … a1,n(x)
a2,1(x) a2,2(x) … a2,n(x)

⋮ ⋮ ⋮ ⋮
an,1(x) an,2(x) … an,n(x)

A(x)

v1(x)
d(x)

⋮
vn(x)
d(x)

y(x) MASTER NODE

α3

α7

α2

α4

α5

α6

α8

α1

y2

y3

y4

y5

y6

y7

y8

y1 =
v(α1)
d(αj)

1. Evaluate ,  in , (  full rank)A(x) b(x) {α1, …, αL} A(αj)

2. Compute  ,yj = A(αj)−1b(αj) =
v(αj)
d(αj)

3. Interpolate  from y(x) y1, …, yL

 Evaluation-Interpolation Algorithm

≠
v(α6)
d(α6)

≠
v(α3)
d(α3)
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MASTER NODE

1. Evaluate ,  in many evaluation pointsA(x) b(x)

2. Compute yj = A(αj)−1b(αj)

 ABFT for Evaluation-Interpolation Algorithm

ALGORITHM

ABFT
new 

ALGORITHM

• adding redundancy (encoding), consider many nodes
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MASTER NODE

• decoding, correcting errors

1. Evaluate ,  in many evaluation pointsA(x) b(x)

2. Compute yj = A(αj)−1b(αj)

3. Interpolate  from  where some errors occury(x) y1, …, yL

 ABFT for Evaluation-Interpolation Algorithm

ALGORITHM

ABFT
new 

ALGORITHM

• adding redundancy (encoding), consider many nodes

Simultaneous Cauchy Interpolation with Errors
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Given   y1, …, yL

•  yj =
v(αj)
d(αj)

•  yj ≠
v(αj)
d(αj)

correct evaluations

erroneous evaluations

the degree bounds ,   N > deg(v) D > deg(d)
and an upper bound  on the number of errors. τ

GOAL: reconstruct (v(x), d(x)) y(x)

Simultaneous Rational Function Reconstruction

Simultaneous Cauchy Interpolation with Errors

MASTER NODE

Simultaneous Cauchy Interpolation
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Two Main Questions

1. How many evaluations (nodes) do we need to 

uniquely recover ? (v(x), d(x))

fewer evaluations fewer computations 

2. Can we reduce this number? 
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Number of Evaluations - Outline of this work

uniqueness uniqueness  
almost always

with errors

no-errors

(v(x), d(x))

A(x)
v(x)
d(x)

= b(x)

(v(x), d(x))

A(x)
v(x)
d(x)

= b(x)

 constant

 

d
(D = 1)

D > 1

Cauchy Interpolation

[CABAY, 1971]

[BLEICHENBACHER, KIAYIAS, YUNG, 2003] 

[BOYER, KALTOFEN, 2014 ] 

[KALTOFEN, PERNET, STORJOHANN, WADDEL, 2017] 

Unique Decoding Capability 
Theorem (IRS codes)

IRS codes

[GUERRINI, LEBRETON, Z., 2020]

[GUERRINI, LEBRETON, Z., 2019]

[GUERRINI, LEBRETON, Z., 2021]

?
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Given the vectors   y1, …, yL

and the degree bounds ,   N D

GOAL: find  s.t.(v1(x), …, vn(x)

v(x)

, d(x)) Vector Generalization

•  

•  

•

vi(αj) = yi,jd(αj)

deg(vi) < N
deg(d) < D

and the degree bounds ,   N D

GOAL: find  s.t.(v(x), d(x))

•  

•  

•

v(αj) = yjd(αj)

deg(v) < N
deg(d) < D

Given the evaluations   y1, …, yL

Cauchy InterpolationSimultaneous Cauchy Interpolation

same denominator

Rational Function Reconstruction

If the number of evaluations L ≥ N + D − 1

Unique solution

 solutions(v1, d1), (v2, d2)
v1

d1
=

v2

d2

Simultaneous Rational Function Reconstruction

v(αj)
d(αj)

= yj, d(αj) ≠ 0
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Given the vectors   y1, …, yL

and the degree bounds ,   N D

GOAL: find  s.t.(v1(x), …, vn(x)

v(x)

, d(x)) Vector Generalization

•  

•  

•

vi(αj) = yi,jd(αj)

deg(vi) < N
deg(d) < D

and the degree bounds ,   N D

GOAL: find  s.t.(v(x), d(x))

•  

•  

•

v(αj) = yjd(αj)

deg(v) < N
deg(d) < D

Given the evaluations   y1, …, yL

Cauchy InterpolationSimultaneous Cauchy Interpolation

same denominator

1. Apply the Cauchy Interpolation component-wise (   

2. Use the common denominator feature to reduce the number of equations of the related 

homogeneous linear system

L ≥ N + D − 1

unknowns = coefficients of any  and vi d

uniqueness)
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Given the vectors   y1, …, yL

and the degree bounds ,   N D

GOAL: find  s.t.(v1(x), …, vn(x)

v(x)

, d(x)) Vector Generalization

•  

•  

•

vi(αj) = yi,jd(αj)

deg(vi) < N
deg(d) < D

and the degree bounds ,   N D

GOAL: find  s.t.(v(x), d(x))

•  

•  

•

v(αj) = yjd(αj)

deg(v) < N
deg(d) < D

Given the evaluations   y1, …, yL

Cauchy InterpolationSimultaneous Cauchy Interpolation

same denominator

1. Apply the Cauchy Interpolation component-wise (   

2. Use the common denominator feature to reduce the number of equations of the related 

homogeneous linear system

L ≥ N + D − 1 uniqueness)

#equations = #unknowns -1
nL nN + D

L = N + (D − 1)/n
uniqueness?
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Given the vectors   y1, …, yL

and the degree bounds ,   N D

GOAL: find  s.t.(v1(x), …, vn(x)

v(x)

, d(x)) Vector Generalization

•  

•  

•

vi(αj) = yi,jd(αj)

deg(vi) < N
deg(d) < D

and the degree bounds ,   N D

GOAL: find  s.t.(v(x), d(x))

•  

•  

•

v(αj) = yjd(αj)

deg(v) < N
deg(d) < D

Given the evaluations   y1, …, yL

Cauchy InterpolationSimultaneous Cauchy Interpolation

same denominator

with L ≥ max{deg(A) + N, deg(b) + D} uniqueness [CABAY, 1971]

[OLESH, STORJOHANN, 2007]

If we want to recover a solution of a PLS:

for specific degree constraints   N, D N + (D − 1)/n uniquenessmax{deg(A) + N, deg(b) + D} =
•

•
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Given the vectors   y1, …, yL

and the degree bounds ,   N D

GOAL: find  s.t.(v1(x), …, vn(x)

v(x)

, d(x)) Vector Generalization

•  

•  

•

vi(αj) = yi,jd(αj)

deg(vi) < N
deg(d) < D

and the degree bounds ,   N D

GOAL: find  s.t.(v(x), d(x))

•  

•  

•

v(αj) = yjd(αj)

deg(v) < N
deg(d) < D

Given the evaluations   y1, …, yL

Cauchy InterpolationSimultaneous Cauchy Interpolation

same denominator

 Theorem [GUERRINI, LEBRETON, Z., 2020]

If ,  for almost all instances  uniqueness. 

If , the proportion of instances leading to non-uniqueness is  

L = N + (D − 1)/n ⟹

𝕂 = 𝔽q ≤ (D − 1)/q



Just a hint of the technique…
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Given the vectors   y1, …, yL

and the degree bounds ,   N D

GOAL: find  s.t.(v1(x), …, vn(x)

v(x)

, d(x))

Simultaneous Cauchy Interpolation

 Theorem [GUERRINI, LEBRETON, Z., 2020]

If ,  for almost all instances  uniqueness. 

If , the proportion of instances leading to non-uniqueness is  

L = deg(a) = N + (D − 1)/n ⟹

𝕂 = 𝔽q ≤ (D − 1)/q

•  

•  

•

vi(αj) = yi,jd(αj)

deg(vi) < N
deg(d) < D
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Given the vectors   y1, …, yL

and the degree bounds ,   N D

GOAL: find  s.t.(v1(x), …, vn(x)

v(x)

, d(x))

•  

•  

•

vi(x) = ui(x)d(x) mod ∏ (x − αj)

deg(vi) < N
deg(d) < D

Simultaneous Cauchy Interpolation

 Theorem [GUERRINI, LEBRETON, Z., 2020]

If ,  for almost all instances  uniqueness. 

If , the proportion of instances leading to non-uniqueness is  

L = deg(a) = N + (D − 1)/n ⟹

𝕂 = 𝔽q ≤ (D − 1)/q

 vector of Lagrange interpolators  u(x)
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Given the vectors   y1, …, yL

and the degree bounds ,   N D

GOAL: find  s.t.(v1(x), …, vn(x)

v(x)

, d(x))

•  

•  

•

vi(x) = ui(x)d(x) mod ∏ (x − αj)

deg(vi) < N
deg(d) < D

Simultaneous Cauchy Interpolation

 Theorem [GUERRINI, LEBRETON, Z., 2020]

 vector of Lagrange interpolators  u(x)

Specific case of

and the degree bounds ,   N D

•  

•  

•

vi(x) = ui(x)d(x) mod ai(x)
deg(vi) < N
deg(d) < D

Given two vector of polynomials   u(x), a(x)

Simultaneous Rational Function Reconstruction

GOAL: find  s.t.(v1(x), …, vn(x)

v(x)

, d(x))

Simultaneous Rational Function Reconstruction

If ,  for almost all instances  uniqueness. 

If , the proportion of instances leading to non-uniqueness is  

L = deg(a) = N + (D − 1)/n ⟹

𝕂 = 𝔽q ≤ (D − 1)/q



(v, d)

1 0 … 0
0 1 … 0
⋮ ⋮ ⋱ ⋮
0 0 … 1

−u1 −u2 … −un

= 0 mod ⟨(0,…, ai, …0)⟩

No-error case
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and the degree bounds ,   N D

•  

•  

•

vi(x) = ui(x)d(x) mod ai(x)
deg(vi) < N
deg(d) < D

Given two vector of polynomials   u(x), a(x)

Simultaneous Rational Function Reconstruction

 Theorem [GUERRINI, LEBRETON, Z., 2020]

GOAL: find  s.t.(v1(x), …, vn(x)

v(x)

, d(x))

(v, d) ∈ 𝒜Ru

𝒜Ru
= {p = (p1(x), …, pn(x)) ∣ pRu = 0 mod ℳ}

Relation module

If ,  for almost all instances  uniqueness. 

If , the proportion of instances leading to non-uniqueness is  

L = deg(a) = N + (D − 1)/n ⟹

𝕂 = 𝔽q ≤ (D − 1)/q

Ru

ℳ
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and the degree bounds ,   N D

•  

•  

•

vi(x) = ui(x)d(x) mod ai(x)
deg(vi) < N
deg(d) < D

Given two vector of polynomials   u(x), a(x)

Simultaneous Rational Function Reconstruction

 Theorem [GUERRINI, LEBRETON, Z., 2020]

GOAL: find  s.t.(v1(x), …, vn(x)

v(x)

, d(x))

(deg(v1)−N, …, deg(vn)−N, deg(d)−D)
take the max

< 0 < 0 < 0
rdeg(−N,…,−N,−D)(v, d) < 0

If ,  for almost all instances  uniqueness. 

If , the proportion of instances leading to non-uniqueness is  

L = deg(a) = N + (D − 1)/n ⟹

𝕂 = 𝔽q ≤ (D − 1)/q

(v, d)

1 0 … 0
0 1 … 0
⋮ ⋮ ⋱ ⋮
0 0 … 1

−u1 −u2 … −un

= 0 mod ⟨(0,…, ai, …0)⟩ (v, d) ∈ 𝒜Ru
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and the degree bounds ,   N D

•  

•  

(v, d) ∈ 𝒜Ru

rdeg(−N,…,−N,−D)(v, d) < 0

Given two vector of polynomials   u(x), a(x)

Simultaneous Rational Function Reconstruction

 Theorem [GUERRINI, LEBRETON, Z., 2020]

GOAL: find  s.t.(v1(x), …, vn(x)

v(x)

, d(x))

• Minimal basis of , for which the row degrees are uniquely defined  

(Ordered Weak Popov) 

• Solution space generated by elements of  the with negative row degrees

ℬ 𝒜Ru
s−

ℬ s−

How to prove uniqueness?

-row degrees of  of the form (−N, …, − N, − D) ℬ (0,0,…, − 1)

Solution space uniquely generated  uniqueness⇒

If ,  for almost all instances,  

If , the proportion of instances leading to non-uniqueness is  

L = deg(a) = N + (D − 1)/n rdeg(−N,…,−N,−D)(ℬ) = (0,…,0, − 1)

𝕂 = 𝔽q ≤ (D − 1)/q
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Number of Evaluations - Outline of this work

uniqueness uniqueness  
almost always

with errors

no-errors

(v(x), d(x))

A(x)
v(x)
d(x)

= b(x)

 constant

 

d
(D = 1)

D > 0

[BLEICHENBACHER, KIAYIAS, YUNG, 2003] 

[BOYER, KALTOFEN, 2014 ] 

Unique Decoding Capability 
Theorem (IRS codes)

IRS codes

[GUERRINI, LEBRETON, Z., 2019]

[GUERRINI, LEBRETON, Z., 2021]

(v(x), d(x))

A(x)
v(x)
d(x)

= b(x)

Cauchy Interpolation

[CABAY, 1971]

L = N + D − 1

L = max{deg(A) + N, deg(b) + D}

L = N + ⌈ (D − 1)
n ⌉

[KALTOFEN, PERNET, STORJOHANN, WADDEL, 2017] 



Simultaneous Cauchy Interpolation with Errors
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Given   y1, …, yL

•  yj =
v(αj)
d(αj)

•  yj ≠
v(αj)
d(αj)

correct evaluations

erroneous evaluations

the degree bounds ,   N > deg(v) D > deg(d)
and an upper bound  on the number of errors. τ

GOAL: reconstruct (v(x), d(x)) y(x)

Simultaneous Cauchy Interpolation with Errors
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(m1,0, …, m1,k−1)

f1(x) =
k−1

∑
i=0

m1,ixi f(x) =

f1(x)
f2(x)

⋮
fl(x)

(m2,0, …, m2,k−1) … (ml,0, …, ml,k−1)

f2(x) =
k−1

∑
i=0

m2,ixi … fl(x) =
k−1

∑
i=0

ml,ixi

Encoding

Interleaved Reed-Solomon codeword

C =

f1(α1) f1(α2) f1(α3) … f1(αn)
f2(α1) f2(α2) f2(α3) … f2(αn)
f3(α1) f3(α2) f3(α3) … f3(αn)

⋮ ⋮ ⋮ … ⋮
fl(α1) fl(α2) fl(α3) … fl(αn)

RS codeword

Interleaved Reed-Solomon codes

RS codeword

 Interleaved Reed-Solomon Codes

Let  and  distinct evaluation points, 

 

k ≤ n ≤ q {α1, …, αn}

𝒞IRS(n, k) := {( f(α1), …, f(αn)) ∣ f ∈ 𝔽q[x]l×1, deg( f ) < k}

The IRS code is an MDS code 
the minimum distance is d = n − k + 1



Ilaria Zappatore Simultaneous Rational Function Reconstruction and applications to Algebraic Coding Theory 17PolSys-SpecFun seminar

Let  and  distinct evaluation points, 

 

k ≤ n ≤ q {α1, …, αn}

𝒞IRS(n, k) := {( f(α1), …, f(αn)) ∣ f ∈ 𝔽q[x]l×1, deg( f ) < k}

The IRS code is an MDS code 
the minimum distance is d = n − k + 1

C =

f1(α1) f1(α2) f1(α3) … f1(αn)
f2(α1) f2(α2) f2(α3) … f2(αn)
f3(α1) f3(α2) f3(α3) … f3(αn)

⋮ ⋮ ⋮ … ⋮
fl(α1) fl(α2) fl(α3) … fl(αn)

Channel

f1(α1) f1(α2) f1(α3) … f1(αn)
f2(α1) f2(α2) f2(α3) … f2(αn)
f3(α1) f3(α2) f3(α3) … f3(αn)

⋮ ⋮ ⋮ … ⋮
fl(α1) fl(α2) fl(α3) … fl(αn)

Encoding

Interleaved Reed-Solomon codes

 Interleaved Reed-Solomon Codes
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Let  and  distinct evaluation points, 

 

k ≤ n ≤ q {α1, …, αn}

𝒞IRS(n, k) := {( f(α1), …, f(αn)) ∣ f ∈ 𝔽q[x]l×1, deg( f ) < k}

The IRS code is an MDS code 
the minimum distance is d = n − k + 1

burst error

C =

f1(α1) f1(α2) f1(α3) … f1(αn)
f2(α1) f2(α2) f2(α3) … f2(αn)
f3(α1) f3(α2) f3(α3) … f3(αn)

⋮ ⋮ ⋮ … ⋮
fl(α1) fl(α2) fl(α3) … fl(αn)

Channel
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the degree bound  k > deg( f )
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Decoding

 Interleaved Reed-Solomon Codes

and an upper bound  on the number of errors. τ

Simultaneous Interpolation with ErrorsDecoding IRS codes
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Decoding Interleaved Reed-Solomon codes

Given the received matrix with columns    y1, …, yn

•  yj = f(αj)

•  yj ≠ f(αj)

correct evaluations

erroneous evaluations

the degree bound  k > deg( f )

GOAL: reconstruct f(x)

and an upper bound  on the number of errors. τ

Given the vectors   y1, …, yn

and the degree bounds ,   τ + k τ + 1

GOAL: find  s.t.(φ1(x), …, φl(x)

φ(x)

, ψ(x))

•  

•  

•

φi(αj) = yi,jψ(αj)

deg(φi) < τ + k
deg(ψ) < τ + 1

Simultaneous Rational Function Reconstruction

Simultaneous Cauchy InterpolationSimultaneous Interpolation with Errors
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Decoding Interleaved Reed-Solomon codes

Given the received matrix with columns    y1, …, yn

•  yj = f(αj)

•  yj ≠ f(αj)

correct evaluations

erroneous evaluations

the degree bound  k > deg( f )

GOAL: reconstruct f(x)

and an upper bound  on the number of errors. τ

Simultaneous Interpolation with Errors

(Λ(x)f(x), Λ(x))
Λ(x) = ∏

αj erroneous
(x − αj)

Error Locator Polynomialsolution

roots = erroneous evaluation points
 = nb errors deg(Λ)

•  
•  
•

Λ(αj)fi(αj) = yi,jΛ(αj)
deg(Λf) < τ + k
deg(Λ) < τ + 1

Given the vectors   y1, …, yn

and the degree bounds ,   τ + k τ + 1

Simultaneous Cauchy Interpolation

GOAL: find  s.t.(φ1(x), …, φl(x)

φ(x)

, ψ(x))
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Coding Theory

20

Y τ0
C

unique decoding

1. Unique decoding Capability 

nb errors ≤
n − k

2
=

d − 1
2

:= τ0

Computer Algebra&
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unique decoding
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Computer Algebra&
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Coding Theory

20

Y

unique decoding

1. Unique decoding Capability 

nb errors ≤
n − k

2
=

d − 1
2

:= τ0

τ

uniqueness 

for almost all  

error patterns

2. [BLEICHENBACHER, KIAYIAS, YUNG, 2003]

nb errors ≤
l(n − k)

l + 1
=: τIRS

Computer Algebra&

The proportion of error patterns leading to non-uniqueness ≤ nb errors/q

C
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Coding Theory

20
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unique decoding

1. Unique decoding Capability 

nb errors ≤
n − k

2
=

d − 1
2

:= τ0

τ

uniqueness 

for almost all  

error patterns

2. [BLEICHENBACHER, KIAYIAS, YUNG, 2003]

nb errors ≤
l(n − k)

l + 1
=: τIRS

Computer Algebra&

The proportion of error patterns leading to non-uniqueness ≤ nb errors/q

[BROWN, MINDER, SHOKROLLAHI, 2004] 
[SCHIMDT, SIDORENKO, BOSSERT, 2009] 
[PUCHINGER, ROSENKILDE, 2017]

does not depend on errors, 𝒪(1/q)

C
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Coding Theory
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Y

unique decoding

1. Unique decoding Capability 

nb errors ≤
n − k

2
=

d − 1
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:= τ0

τ

uniqueness 

for almost all  

error patterns

2. [BLEICHENBACHER, KIAYIAS, YUNG, 2003]

nb errors ≤
l(n − k)

l + 1
=: τIRS

Computer Algebra

uniqueness 

for almost all  

error patterns

2. Common denominator feature

n = k + ⌈ τ
l ⌉ + τ ⟺ nb errors ≤

l(n − k)
l + 1

=: τIRS

&

Given the vectors   y1, …, yn

and the degree bounds ,   τ + k τ + 1

Simultaneous Cauchy Interpolation

uniqueness

1. Cauchy Interpolation component-wise (RFR)

n = τ + k + τ ⟺ nb errors ≤
n − k

2
=: τ0

GOAL: find  s.t.(φ1(x), …, φl(x)

φ(x)

, ψ(x))

•  

•  

•

φi(αj) = yi,jψ(αj)

deg(φi) < τ + k
deg(ψ) < τ + 1

The proportion of error patterns leading to non-uniqueness ≤ nb errors/q

C
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Simultaneous Cauchy Interpolation with Errors 

Reconstruct a vector of rational functions 
by its evaluations, some erroneous 

Simultaneous Interpolation with Errors 

Reconstruct a vector of polynomials  
by its evaluations, some erroneous 

decoding IRS codes 

Simultaneous Cauchy Interpolation
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Number of Evaluations - Outline of this work

uniqueness uniqueness  
almost always

with errors

no-errors

A(x)
v(x)
d(x)

= b(x)

D > 1

[BOYER, KALTOFEN, 2014 ] 

[KALTOFEN, PERNET, STORJOHANN, WADDEL, 2017] 

[GUERRINI, LEBRETON, Z., 2019]

[GUERRINI, LEBRETON, Z., 2021]

(v(x), d(x))

A(x)
v(x)
d(x)

= b(x)

Cauchy Interpolation

[CABAY, 1971]

L = N + D − 1

L = max{deg(A) + N, deg(b) + D}

L = N + ⌈ (D − 1)
n ⌉

(v(x), d(x))

 constant

 

d
(D = 1)

[BLEICHENBACHER, KIAYIAS, YUNG, 2003] 

L = N − 1 + 2τ L = N − 1 + ⌈ τ
n ⌉ + τUnique Decoding Capability 

Theorem (IRS codes)
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Given   y1, …, yL

•  yj =
v(αj)
d(αj)

•  yj ≠
v(αj)
d(αj)

correct evaluations

erroneous evaluations

the degree bounds ,   N > deg(v) D > deg(d)
and an upper bound  on the number of errors. τ

GOAL: reconstruct (v(x), d(x)) y(x)

Simultaneous Rational Function Reconstruction

Simultaneous Cauchy Interpolation with Errors

MASTER NODE

Simultaneous Cauchy Interpolation
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Given   y1, …, yL
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erroneous evaluations
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GOAL: reconstruct (v(x), d(x)) y(x)

Given the vectors   y1, …, yL

and the degree bounds ,   N + τ D + τ

GOAL: find  s.t.(φ1(x), …, φn(x)

φ(x)

, ψ(x))

•  
•  
•

φi(αj) = yi,jψ(αj)
deg(φi) < N + τ
deg(ψ) < D + τ

Λ(x) = ∏
αj erroneous

(x − αj)

Error Locator Polynomial

roots = erroneous evaluation points
 = nb errors deg(Λ)

Simultaneous Cauchy Interpolation with Errors Simultaneous Cauchy Interpolation

(Λ(x)v(x), Λ(x)d(x))

solution
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deg(Λd) < D + τ
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Given the vectors   y1, …, yL

and the degree bounds ,   N + τ D + τ

GOAL: find  s.t.(φ1(x), …, φn(x)

φ(x)

, ψ(x))

Λ(x) = ∏
αj erroneous

(x − αj)

Error Locator Polynomial

 = nb errors deg(Λ)

Simultaneous Cauchy Interpolation

roots = erroneous evaluation points
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GOAL: find  s.t.(φ1(x), …, φn(x)

φ(x)

, ψ(x))

(Λ(x)v(x), Λ(x)d(x))
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•
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Simultaneous Cauchy Interpolation
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Given the vectors   y1, …, yL

and the degree bounds ,   N + τ D + τ

GOAL: find  s.t.(φ1(x), …, φn(x)

φ(x)

, ψ(x))

•  

•  

•

φi(αj) = yi,jψ(αj)

deg(φi) < N + τ
deg(ψ) < D + τ

2. If we want to recover a solution of a PLS 

     L = max{deg(A) + N, deg(b) + D} + 2τ

1. Cauchy Interpolation component-wise

L = N + D + 2τ − 1

uniqueness

[BOYER, KALTOFEN, 2014 ] 

[CABAY, 1971] [KALTOFEN, PERNET, STORJOHANN, WADDEL, 2017] 

uniqueness

uniqueness  

for almost all error patterns

• If we want to recover a solution of a PLS 

L = max{deg(A) + N, deg(b) + D} + ⌈ τ
n ⌉ + τ

• L = N + D − 1 + ⌈ τ
n ⌉ + τ

uniqueness  

for almost all error patterns

The proportion of error patterns leading to non-uniqueness ≤ (D + τ)/q

generalizing and re-elaborating the  
result of [BLEICHENBACHER, KIAYIAS, YUNG, 2003] 

for IRS codes 

Simultaneous Cauchy Interpolation
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Number of Evaluations - Outline of this work
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almost always
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L = N + D − 1

L = max{deg(A) + N, deg(b) + D}

L = N + ⌈ (D − 1)
n ⌉

(v(x), d(x))

 constant

 

d
(D = 1)

[BLEICHENBACHER, KIAYIAS, YUNG, 2003] 

L = N − 1 + 2τ L = N − 1 + ⌈ τ
n ⌉ + τUnique Decoding Capability 

Theorem (IRS codes)

[BOYER, KALTOFEN, 2014 ] 

[KALTOFEN, PERNET, STORJOHANN, WADDEL, 2017] 

L = N + D − 1 + 2τ

L = max{deg(A) + N, deg(b) + D} + 2τ

L = N + D − 1 + ⌈ τ
n ⌉ + τ

L = max{deg(A) + N, deg(b) + D} + ⌈ τ
n ⌉ + τ
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• , 

•  

L = min{LBK, LKPS}

LBK = N + D + 2τ − 1

LKPSW = max{deg(A) + N, deg(b) + D} + 2τ

 

• , 

•  

Lnew = min{LGLZ19, LGLZ20}

LGLZ19 = N + D − 1 + τ + ⌈ τ
n ⌉

LGLZ21 = max{deg(A) + N, deg(b) + D} + τ + ⌈ τ
n ⌉

≥

All these bounds depend on 
•  
•  
• nb errors, 

N > deg(v)
D > deg(d)
τ ≥ e

If  are too big compared to , , N, D, τ deg(v) deg(d) e ,  too big compared to the number we really needL Lnew

EARLY TERMINATION TECHNIQUE [KALTOFEN, PERNET, STORJOHANN, WADDELL, 2017]

GOAL: decrease the number of evaluation points without knowing the real degrees

we don’t know these quantities
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 which depends on  

nb errors  
ℒ

deg(v), deg(d), e
deg(v)
deg(d)
e

Simultaneous Cauchy Interpolation

(Λ(x)v(x), Λ(x)d(x))

uniqueness

•  

•  

•

φi(αj) = yi,jψ(αj)

deg(φi) < deg(v) + e + 1
deg(ψ) < deg(d) + e + 1

solution space
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 which depends on  
 

ℒ
ν, ϑ, ξ

test

ν
ϑ
ξ

Simultaneous Cauchy Interpolation

(Λ(x)v(x), Λ(x)d(x))

uniqueness

 too smallν, ϑ, ξ
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 which depends on  
 

ℒ
ν, ϑ, ξ

test

ν
ϑ
ξ

Simultaneous Cauchy Interpolation

(Λ(x)v(x), Λ(x)d(x))

uniqueness

 too smallν, ϑ, ξ

•  

•  

•

φi(αj) = yi,jψ(αj)

deg(φi) < ν + ξ
deg(ψ) < ϑ + ξ

solution space solution space trivial
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 which depends on  
 

ℒ
ν, ϑ, ξ

test

ν
ϑ
ξ

Simultaneous Cauchy Interpolation

(Λ(x)v(x), Λ(x)d(x))

uniqueness

 too smallν, ϑ, ξ

construct an early algorithm which iteratively increments   
until a solution is found 

ℒ
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Early termination strategy

 which depends on  
 

ℒnew ≤ ℒ
ν, ϑ, ξ

ν
ϑ
ξ

Simultaneous Cauchy Interpolation

(Λ(x)v(x), Λ(x)d(x))
uniqueness for almost all error patterns

 too smallν, ϑ, ξ

test
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Number of Evaluations - Outline of this work

uniqueness uniqueness  
almost always

with errors

no-errors

(v(x), d(x))

A(x)
v(x)
d(x)

= b(x)

(v(x), d(x))

A(x)
v(x)
d(x)

= b(x)

 constant

 

d
(D = 1)

D > 1

Cauchy Interpolation

[CABAY, 1971]

[BLEICHENBACHER, KIAYIAS, YUNG, 2003] 

[BOYER, KALTOFEN, 2014 ] 

[KALTOFEN, PERNET, STORJOHANN, WADDEL, 2017] 

Unique Decoding Capability 
Theorem (IRS codes)

L = N + D − 1

L = max{deg(A) + N, deg(b) + D}

L = N + ⌈ (D − 1)
n ⌉

L = N − 1 + 2τ L = N − 1 + ⌈ τ
n ⌉ + τ

L = N + D − 1 + 2τ

L = max{deg(A) + N, deg(b) + D} + 2τ

L = N + D − 1 + ⌈ τ
n ⌉ + τ

L = max{deg(A) + N, deg(b) + D} + ⌈ τ
n ⌉ + τ

Early termination technique
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Perspectives

• On the uniqueness of the simultaneous rational function reconstruction

Improving previous results

Extending previous results
• Rational Function Codes 
• Early termination techniques for decoding error correcting codes 
• Multivariate Rational Function Reconstruction 

• Failure probability of Simultaneous Cauchy Interpolation with Errors
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Perspectives

• On the uniqueness of the simultaneous rational function reconstruction

Improving previous results



On the uniqueness of SRFR

Ilaria Zappatore Simultaneous Rational Function Reconstruction and applications to Algebraic Coding Theory 32PolSys-SpecFun seminar

and the degree bounds ,   N D

•  

•  

•

vi(x) = ui(x)d(x) mod ai(x)
deg(vi) < N
deg(d) < D

Given two vector of polynomials   u(x), a(x)

Simultaneous Rational Function Reconstruction

 Theorem [GUERRINI, LEBRETON, Z., 2020]

GOAL: find  s.t.(v1(x), …, vn(x)

v(x)

, d(x))

vi(x)
d(x)

= ui(x) mod ai(x), gcd(ai, d) = 1

If ,  for almost all instances   uniqueness?L = N + (D − 1)/n ui = vi/d ⟹

If ,  for almost all instances  uniqueness. 

If , the proportion of instances leading to non-uniqueness is  

L = deg(a) = N + (D − 1)/n ⟹

𝕂 = 𝔽q ≤ (D − 1)/q
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Number of Evaluations - Outline of this work

uniqueness uniqueness  
almost always

with errors

no-errors

v(x)
d(x)

A(x)
v(x)
d(x)

= b(x)

(v(x), d(x))

A(x)
v(x)
d(x)

= b(x)

 constant

 

d
(D = 1)

D > 1

Cauchy Interpolation

[CABAY, 1971]

[BLEICHENBACHER, KIAYIAS, YUNG, 2003] 

[BOYER, KALTOFEN, 2014 ] 

[KALTOFEN, PERNET, STORJOHANN, WADDEL, 2017] 

Unique Decoding Capability 
Theorem (IRS codes)

L = N + D − 1

L = max{deg(A) + N, deg(b) + D}

L = N + ⌈ (D − 1)
n ⌉

L = N − 1 + 2τ L = N − 1 + ⌈ τ
n ⌉ + τ

L = N + D − 1 + 2τ

L = max{deg(A) + N, deg(b) + D} + 2τ

L = N + D − 1 + ⌈ τ
n ⌉ + τ

L = max{deg(A) + N, deg(b) + D} + ⌈ τ
n ⌉ + τ

?

L = N + ⌈ (D − 1)
n ⌉?



Simultaneous Cauchy Interpolation with Errors
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Given the vectors   y1, …, yL

and the degree bounds ,   N + τ D + τ

GOAL: find  s.t.(φ1(x), …, φn(x)

φ(x)

, ψ(x))

•  

•  

•

φi(αj) = yi,jψ(αj)

deg(φi) < N + τ
deg(ψ) < D + τ

Simultaneous Cauchy Interpolation

2. If we want to recover a solution of a PLS 

     L = max{deg(A) + N, deg(b) + D} + 2τ

1. Cauchy Interpolation component-wise (RFR)

L = N + D + 2τ − 1

uniqueness

[BOYER, KALTOFEN, 2014 ] 

[CABAY, 1971] [KALTOFEN, PERNET, STORJOHANN, WADDEL, 2014] 

uniqueness

• L = N + ⌈ D − 1 + τ
n ⌉ + τ

uniqueness  

for almost all error patterns 

for almost all  ?v/d

Common denominator constraint

(Λ(x)v(x), Λ(x)d(x))

uniqueness
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• On the uniqueness of the simultaneous rational function reconstruction

Improving previous results

• Failure probability of Simultaneous Cauchy Interpolation with Errors

Perspectives
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Number of Evaluations - Outline of this work

uniqueness uniqueness  
almost always

with errors

no-errors

(v(x), d(x))

A(x)
v(x)
d(x)

= b(x)

(v(x), d(x))

A(x)
v(x)
d(x)

= b(x)

 constant

 

d
(D = 1)

D > 1

Cauchy Interpolation

[CABAY, 1971]

[BLEICHENBACHER, KIAYIAS, YUNG, 2003] 

[BOYER, KALTOFEN, 2014] 

[KALTOFEN, PERNET, STORJOHANN, WADDEL, 2017] 

Unique Decoding Capability 
Theorem (IRS codes)

L = N + D − 1

L = max{deg(A) + N, deg(b) + D}

L = N + ⌈ (D − 1)
n ⌉

L = N − 1 + 2τ L = N − 1 + ⌈ τ
n ⌉ + τ

L = N + D − 1 + 2τ

L = max{deg(A) + N, deg(b) + D} + 2τ

L = N + D − 1 + ⌈ τ
n ⌉ + τ

L = max{deg(A) + N, deg(b) + D} + ⌈ τ
n ⌉ + τ

?



uniqueness  

for almost all error patterns

Simultaneous Cauchy Interpolation with Errors
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Given the vectors   y1, …, yL

and the degree bounds ,   N + τ D + τ

GOAL: find  s.t.(φ1(x), …, φn(x)

φ(x)

, ψ(x))

•  

•  

•

φi(αj) = yi,jψ(αj)

deg(φi) < N + τ
deg(ψ) < D + τ

Simultaneous Cauchy Interpolation

2. If we want to recover a solution of a PLS 

     L = max{deg(A) + N, deg(b) + D} + 2τ

1. Cauchy Interpolation component-wise 

L = N + D + 2τ − 1

uniqueness

[BOYER, KALTOFEN, 2014 ] 

[CABAY, 1971] [KALTOFEN, PERNET, STORJOHANN, WADDEL, 2017] 

uniqueness

• If we want to recover a solution of a PLS 

L = max{deg(A) + N, deg(b) + D} + ⌈ τ
n ⌉ + τ

• L = N + D − 1 + ⌈ τ
n ⌉ + τ

uniqueness  

for almost all error patterns

The proportion of error patterns leading to non-uniqueness ≤ (D + τ)/q

generalizing and re-elaborating the  
result of [BLEICHENBACHER, KIAYIAS, YUNG, 2003] 

for IRS codes 



uniqueness  

for almost all error patterns

Simultaneous Cauchy Interpolation with Errors
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Given the vectors   y1, …, yL

and the degree bounds ,   N + τ D + τ

GOAL: find  s.t.(φ1(x), …, φn(x)

φ(x)

, ψ(x))

•  

•  

•

φi(αj) = yi,jψ(αj)

deg(φi) < N + τ
deg(ψ) < D + τ

Simultaneous Cauchy Interpolation

2. If we want to recover a solution of a PLS 

     L = max{deg(A) + N, deg(b) + D} + 2τ

1. Cauchy Interpolation component-wise 

L = N + D + 2τ − 1

uniqueness

[BOYER, KALTOFEN, 2014 ] 

[CABAY, 1971] [KALTOFEN, PERNET, STORJOHANN, WADDEL, 2017] 

uniqueness

• If we want to recover a solution of a PLS 

L = max{deg(A) + N, deg(b) + D} + ⌈ τ
n ⌉ + τ

• L = N + D − 1 + ⌈ τ
n ⌉ + τ

uniqueness  

for almost all error patterns

The proportion of error patterns leading to non-uniqueness ≤ (D + τ)/q

generalizing and re-elaborating the  
result of [BLEICHENBACHER, KIAYIAS, YUNG, 2003] 

for IRS codes 

can we improve this bound? 
prove that it does not depend on errors 

as IRS? 
  [BROWN, MINDER, SHOKROLLAHI, 2004] 
[SCHMIDT, SIDORENKO, BOSSERT, 2009] 

[PUCHINGER, ROSENKILDE, 2017]
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Conclusions & Open Problems

• On the uniqueness of the simultaneous rational function reconstruction

Improving previous results

Extending previous results

• Failure probability of Simultaneous Cauchy Interpolation with Errors

• Rational Function Codes 



Simultaneous Cauchy Interpolation with Errors
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Simultaneous Interpolation with Errors 

Reconstruct a vector of polynomials  
by its evaluations, some erroneous 

decoding IRS codes 

Simultaneous Cauchy Interpolation with Errors 

Reconstruct a vector of rational functions 
by its evaluations, some erroneous 

decoding specific 
 Interleaved Rational Function codes 

[PERNET, 2017] 

Simultaneous Cauchy Interpolation
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Conclusions & Open Problems

 Rational Function Code [PERNET, 2017]

Let  and  distinct evaluation points, 

 

N, D ≤ L ≤ q {α1, …, αL}

𝒞RF(n, k) := {( v(α1)
d(α1)

, …,
v(αL)
d(αL) )|

v
d

∈ 𝔽q(x), deg(v) < N, deg(d) < D, d(αj) ≠ 0}

generalization of Reed-Solomon codes, 
non linear 

 Interleaved Rational Function Code [PERNET, 2017]
the minimum distance  ≥ L − (N + D + 2)

Let  and  distinct evaluation points, 

 

N, D ≤ L ≤ q {α1, …, αL}

𝒞RF(n, k) := {( v(α1)
d(α1)

, …,
v(αL)
d(αL) )|

v
d

∈ 𝔽q(x)n×1, deg(v) < N, deg(d) < D, di(αj) ≠ 0}
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determine parameters and other applications 

[KHONJI, PERNET, ROCH, ROCHE, STALINSKI, 2010] 

• Rational Function Codes 

• On the uniqueness of the simultaneous rational function reconstruction

Improving previous results

Extending previous results

• Failure probability of Simultaneous Cauchy Interpolation with Errors

• Early termination techniques for decoding error correcting codes

Perspectives

• Multivariate (Simultaneous) Rational Function Reconstruction 

coding theory applications, decoding (interleaved) AG codes 
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